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∂ψκ
∂t
−∇2

κAκψκ + iκφκψκ = κ2(1− |ψκ|2)ψκ in (0,+∞)× Ω ,

∂Aκ
∂t

+∇φκ + curl2 Aκ =
1

κ
=(ψ̄κ∇κAκψκ) in (0,+∞)× Ω ,

ψ = 0 on (0,+∞)× ∂Ωc ,

∇κAκψκ · ν = 0 on (0,+∞)× ∂Ωi ,

∂φκ
∂ν

= −κJ(x) on (0,+∞)× ∂Ω ,

−
∫
∂Ω

curl Aκ ds = κhex on (0,+∞) ,
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Gauge invariance

A→ A +∇ω φ→ φ− ∂ω

∂t
ψ → ψe iω

Coulomb gauge {
div A = 0 in Ω

A · ν = 0 on ∂Ω

Magnetic field on the boundary

J|∂Ωi
= 0⇒Bκ|∂Ωi,j

def
= curl Aκ|∂Ωi,j

= hj κ J|∂Ωc 6= 0 j ∈ {1, 2}

h1h2 < 0 ,

h = max(|h1|, |h2|)

1 < h ≤ 1

Θ0
or

1

Θ0
< h� κ

Θ0 ∼ 0.59 de Gennes’ value
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Linearized equation

Normal fields: (ψ,A, φ) = (0, κAn, cκφn) c = κ2/σ{
− curl2 An + c∇φn = 0 in Ω

Bn
def
= curl An = B(x) on ∂Ω
∆φn = 0 in Ω
∂φn
∂ν = J(x) on ∂Ω∫
Ω φn dx = 0 .

∂u

∂t
+ Lκu − u = 0

Lκ =
(
i∇+ κ2An

)2
+ icκ2φn

µ(κ, J)
def
= inf

λ∈σ(Lκ)
<λ < 1⇒u ≡ 0 unstable
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J = J0κ ⇒ h ∼ O(κ)

Γ = {x ∈ Ω | curl An(x) = 0} .

Γ - a curve, {z1, z2} = ∂Ω ∩ Γ,

ji = |∇φn(zi )|/(cκ) i = 1, 2

A+(zi ) = −
(
∇− iji

s2

2
ît
)2

+ icji t

D(A+) = {u ∈ H1,mag
0 (R2

+,C)∩L2(R2
+,C; y dxdy) : A+u ∈ L2(R2

+,C)}
νm = mini=1,2 infλ∈σ(A+(zi ))<λ Almog, Helffer & Pan (2012,2013)

Theorem

Let µ∞ = lim infκ→∞ µ. Then

lim sup
κ→∞

µ = µ∞ = νm .

Almog, Helffer (2014)
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Steady state solutions

1 < h� κ ⇒ normal state unstable

ωj = {x ∈ Ω : (−1)jBn(x) > 1} .

Theorem

(ψκ,Aκ, φκ) - time-independent solution

∃j ∈ {1, 2} : 1 < |hj | .

K ⊂ ωj ∪ ∂Ωc compact∫
K
|ψκ(x)|2 dx ≤ Ce−ακ . (1)

∃j ∈ {1, 2} :
1

Θ0
< |hj | ,

(1) satisfied ∀K ⊂ ωj ∪ ∂Ωi ,j ∪ ∂Ωc compact
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‖∇κAκ(ηψκ)‖2
2 ≤ κ2‖ηψκ‖2

2 − ‖ψκ∇η‖2
2

η ∈ C∞(Ω, [0, 1]) - cutoff

η =

{
1 in K

0 in Ω \ (K ∪ Uδ)

Uδ - neigborhood of K
Aκ ≈ κAn

K ∩ ∂Ωi = ∅⇒κ2 inf
x∈K∪Uδ

|Bn(x)| ‖ηψκ‖2
2 ≤ ‖∇κ2An

(ηψκ)‖2
2

Avron, Herbst & Simon (1978)

K ∩ ∂Ωi 6= ∅⇒κ2ΘDN
π/2 inf

x∈K
|Bn(x)| ‖ηψκ‖2

2 ≤ ‖∇κ2An
(ηψκ)‖2

2
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Dirichlet-Neumann corner: Dauge

Lemma

Sα = {(x , y) ∈ R2 : 0 < arg(x + iy) < α} .

Hα = {u ∈ H1(Sα) : u(r cosα, r sinα) = 0 , ∀r > 0} ,

ΘDN
α = inf

u∈Hα
‖u‖2=1

∫
Sα

|(∇− iF )u|2 dx ,

curl F = 1
ΘDN
α = Θ0 ,

Θ0 = inf
u∈H1(Sπ)
‖u‖2=1

∫
Sπ

|(∇− iF )u|2 dx .
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∫
Sα

|(∇− iF )u|2 dx ,

curl F = 1
ΘDN
α = Θ0 ,

Θ0 = inf
u∈H1(Sπ)
‖u‖2=1

∫
Sπ

|(∇− iF )u|2 dx .
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α ≥ ΘDN

π ≥ Θ0
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Proposition

∃C (J,Ω) > 0 : ∀κ ≥ 1 ‖ψκ‖2 ≤ C (J,Ω) (1 + c−1/2)1/3κ−1/6

Attar (2015)

E =

∫
Ω
|∇κAψ|2 +

κ2

2
(1− |ψ|2)2 + κ2| curl A− Bn|2

Bn = curl An - Normal magnetic field


∆Bn = 0 in Ω ,
∂Bn
∂τ = J on ∂Ω ,

−
∫
∂Ω Bn(x) ds = hex .

Emin ∼ κ2
[1

2
+

∫
Ω

g
(
Bn(x)

)
dx
]

−1/2 < g(b) ≤ g(1) = 0 increasing - Sandier & Serfaty (2003)
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Direct effect of the potential

φ1,κ = φκ − cκφn{
−∆φ1,κ = − c

κ div=(ψ̄κ∇κAκψκ) in Ω
∂φ1,κ

∂ν = 0 on ∂Ω

‖∇φ1,κ‖2 ≤
c

κ
‖∇κAκψκ‖2 ≤ C


−∆φκ + c |ψκ|2φκ = 0 in Ω
∂φκ
∂ν = cκJ on ∂Ωc
∂φκ
∂ν = 0 on ∂Ωi
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Time dependent solutions

c = 1

∃j ∈ {1, 2} : 1 < |hj | .

Theorem

For any compact set K ⊂ ωj ∪ ∂Ωc there exist C > 0 , α > 0, and
κ0 ≥ 1, such that for any κ ≥ κ0 we have

lim sup
t→∞

∫
K
|ψκ(t, x)|2 dx ≤ Ce−ακ .
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Large domains

c = 1 TR(x) = Rx ΩR = TR(Ω)

∆Aψ + ψ
(
1− |ψ|2

)
− iφψ = 0 in ΩR ,

curl2 A +∇φ = =(ψ̄∇Aψ) in ΩR ,

ψ = 0 on ∂ΩR
c ,

∇Aψ · ν = 0 on ∂ΩR
i ,

∂φ

∂ν
= R−(1−γ)J on ∂ΩR ,

−
∫
∂ΩR

curl A(x) ds = Rγhex .

0 < γ < 1
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Proposition

∃K ⊂ Ω compact, C > 0, R0 > 0, α > 0:

R > R0 ⇒
∫
KR

|ψ(x)|2 dx ≤ Ce−αR ,

KR = TR(K )

ε = 1/R

ψε(εx) = ψ(x) A(x) = ε−1Aε(εx) φ(x) = φε(εx)

∆ε−2Aεψε +
ψε
ε2

(
1− |ψε|2

)
− i

ε2
φεψε = 0 in Ω

curl2 Aε +∇φε = =
(
ψ̄ε∇ε−2Aεψε

)
in Ω

∂φε
∂ν

= ε−γJ on ∂Ω
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A1,ε = Aε − ε−γAn ; B1,ε = curl A1,ε .

‖∇B1,ε‖2 ≤ ‖∇ε−2Aεψε‖2 ≤
1

ε
‖ψε‖2

Conjecture

For any compact set K ⊂ Ω \ B−1
n (0), ∃R0 > 0, C > 0, and α > 0

R > R0 ⇒
∫
KR

|ψ(x)|2 dx ≤ Ce−αR
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