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dX; = b(X,)dt + o(X,)dBi+dK:, Xo = x0, e = Law(X)
t
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® Vr>0: Kiyr — K: amount of cash added in the portfolio between time t and t + r
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® K, is the minimal amount of cash needed up to time t (increases)

® Reflected stochastic differential equation — but the constraint acts on the law

L, Mean reflected stochastic differential equation

® Introduced by Briand, Elie, Hu &(Backward system), Considered in the same time
by Jabir (forward) with different motivations/approach/results, Extension in the
backward case by Djehiche, Elie, Hamadéne.



'® The Skorohod problem (61)
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'® The Skorohod problem (61)

For y a continuous path, find a continuous (x, k) s.t.
® (i) xx=x0+B:+ke, x0=0
e (i) x>0
® (jii) t— K, increasing and Ko =0
® (iv) “flatness”: Vt >0, { xdK:=0

e Solution ?
Set H:(k) := xo0 + yr + ke.
We want (ii) (iii), (iv)
ke = SUPsgt(Hs_l)+(0) = sup,., max(0, —(xo + B:))

e Randomness ?
Works for any continuous path, y may be a B.M.
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O Solution is K¢ = SS e *dvs, s :=sup,,max(0,—e*"(E[Y,] — p))
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=~ MR-SDE: Mathematical set-up, another point of view

Consider on [0, T], T > 0 and for some H : P>(RY) — R the system:

t t
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S



~ MR-SDE: Mathematical set-up, another point of view

Consider on [0, T], T > 0 and for some H : P>(RY) — R the system:

t t

&=m+fbwmh+ o(X:)dB; + K.
0 0

H(ps)dKs = 0

< ~

Vte [0, T]: H(ue) =0

® Smooth coefficients, let ¢ be a test function,

SEX] = B[00 + 30 0)e(X) | + B (0] K,

dt

= [ 603+ 30 e + [ detIdntyir:
R R



~ MR-SDE: Mathematical set-up, another point of view

Consider on [0, T], T > 0 and for some H : P>(RY) — R the system:

t t

&=m+fbwmh+ o(X:)dB; + K.
0 0

H(ps)dKs = 0

< ~

Vte [0, T]: H(ue) =0

® Smooth coefficients, let p be a test function,

SEX] = B[00 + 30 0)e(X) | + B (0] K,

dt
= [ 603+ 30 e + [ detIdntyir:
R R

® |ntegrate by parts: we obtain (distributional sense)

1 . .
Otpir — 5(?2(02pt) — div(peb) — div(pe)dKe = 0, o = dx,



~ MR-SDE: Mathematical set-up, another point of view

Consider on [0, T], T > 0 and for some H : P>(RY) — R the system:

t t

&=m+fbwmh+ o(X:)dB; + K.
0 0

H(ps)dKs = 0

< ~

Vte [0, T]: H(ue) =0

® Smooth coefficients, let p be a test function,

SEX] = B[00 + 30 0)e(X) | + B (0] K,

dt

= [ 603+ 30 e + [ detIdntyir:
R R

® |ntegrate by parts: we obtain (distributional sense)

1 . .
Otpir — 5(?2(02pt) — div(peb) — div(pe)dKe = 0, o = dx,

t
& Vte[0,T]: H(u) >0, J H(ps)dK, — 0
0



~ MR-SDE: Mathematical set-up, another point of view

Consider on [0, T], T > 0 and for some H : P>(RY) — R the system:
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0 0
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L» MR-SDE v~ Skorokhod problem on Fokker-Planck PDE !
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(Q, F, (Ft)e=0, P) with K deterministic
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® h bi-Lipschitz ~ G, : P(R) 5 pu — G, (1) Lipschitz for the Wasserstein distance !



38 MR-SDE scalar case: Mean field counterpart (1o = 6y, )
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Xt=X0+J-
0

E[h(X:)] = O, Jt E[h(Xs)]dK: = 0
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b(Xs)ds + f o(X:)dB; + K.
0

® Mean reflection <> non linear reflection (McKean-Vlasov sense)
L» Interacting reflected particles system with oblique reflection ?
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t
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X :x0+f b(Xs‘)ds+J o(XDdBl + KN, i=1,...,N,
0

N
N"UY h(X) =0, N ZJ h(X])dKY =
i=1




38 MR-SDE scalar case: Mean field counterpart (o = dx,)

t

Xt=Xo+f
0

E[h(X:)] = 0, ft E[h(X:)]dKs: =0

t

b(Xs)ds + f o(X:)dB; + K.
0

® Mean reflection <> non linear reflection (McKean-Vlasov sense)
L, Interacting reflected particles system with oblique reflection

N
N"'Y h(X) =0, N” ZJ h(X])dKY =
i=1

® Existence and uniqueness of a solution with
O h concave (Tanaka, 89)

. t . t . .
X! =x0+ J b(X))ds + J o(XHdBL + K, i
0

=1,...,N,



38 MR-SDE scalar case: Mean field counterpart (o = dx,)

t

Xt=Xo+f
0

E[h(X:)] = 0, ft E[h(X:)]dK: =0

t

b(Xs)ds + f o(Xs)dBs + K
0

® Mean reflection <> non linear reflection (McKean-Vlasov sense)
L, Interacting reflected particles system with oblique reflection

N
N"UY h(X) =0, NT ZJ h(X])dKY =
i=1

® Existence and uniqueness of a solution with
O h concave (Tanaka, 89)

. t . t . .
X! =x0+ f b(X))ds + J o(XHdBL + K, i
0

=1,...,N,



38 MR-SDE scalar case: Mean field counterpart (1o = 6y, )

t

Xt=XO+f
0

E[h(X:)] = 0, jt E[h(X;)]dKs =0
0 iy

b(Xs)ds + J o(Xs)dBs
0

t

b(Xs)ds +f o (Xs)dBs + sup Gy (p1s),  p1s = L(Y5)

0 s<t

~t

Yt:Xo+J
0

® Mean reflection <> non linear reflection (McKean-Vlasov sense)
L, Interacting reflected particles system with oblique reflection

X :ij b(Xs’)ds+J o(X))dB! +sup G (AY), i=1,...,N,
0 0

s<t
N ) N ot .
Y X)) =0, N Zj h(X{)dK} = o,
i=1 i=170

t t

Yt’=xo+f b(Xs')ds—I—Ja(Xs’)dB;, =1 N, Y= 1Z<sy,
0 0

® Existence and uniqueness of a solution with

O h concave (Tanaka, 89)
o K = SUPs<t GOJr (‘ai\l)




38 MR-SDE scalar case: Mean field counterpart (o = dx,)

t

Xt=X0+f
0

E[h(X:)] = 0, t E[h(X:)]dK: = 0

t t
Y = x0 + J b(Xs)ds + J o (X:)dBs
0 0

t

b(Xs)ds +f o(Xs)dBs + sup Gyf (ps),  ps = L(Ys)

0 s<t

® Mean reflection <> non linear reflection (McKean-Vlasov sense)
L, Interacting reflected particles system with oblique reflection

X =xo+f b(Xs’)ds+J o(X))dB! +sup G (AY), i=1,...,N,
0 0

s<t
N ) N ot .
Y X)) =0, N ZJ h(X{)dK} = o,
i=1 i=170

t t
Y, =x0+f b(Xs')ds-i-J o(XDdBL, i=1,...,N, Ay = 125y,
0 0
® Existence and uniqueness of a solution with
O h concave (Tanaka, 89)
o KtN = SUPs< GOJr (ﬁiv)
® Chaos propagation ?




38 MR-SDE scalar case: Mean field counterpart (o = dx,)

t

Xt=XO+f
0

E[h(X:)] = 0, t E[h(X:)]dK: = 0

t t
Y = x0 + J b(Xs)ds + J o (X:)dBs
0 0

t

b(Xs)ds +f o(Xs)dBs + sup Gyf (ps),  ps = L(Ys)

0 s<t

® Mean reflection <> non linear reflection (McKean-Vlasov sense)
L, Interacting reflected particles system with oblique reflection

. t . t . .
X = x +J b(Xs’)ds+j o(XDdBL +sup Gf (pY), i=1,.....
0 0

s<t
N ) N t )
N7y h(X) =0, N7 ZJ h(x))dK! =0,
i=1 =10
. t . t . . N
Y = xo +J b(X!)ds +j o(XD)dBl, i=1,....., p=N"'>4,
0 0 =

® Existence and uniqueness of a solution with

O h concave (Tanaka, 89)
o K= SUPs<¢ GOJr (ﬁiv)

® Chaos propagation N — 400 : A — p; (LLN) and K — K. ?




38 MR-SDE scalar case: Mean field counterpart (o = dx,)

t

Xt=X0+f
0

E[h(X:)] = 0, t E[h(X:)]dK: = 0

t t
Y = x0 + J b(Xs)ds + J o (X:)dBs
0 0

t

b(Xs)ds +f o(Xs)dBs + sup Gyf (ps),  ps = L(Ys)

0 s<t

® Mean reflection <> non linear reflection (McKean-Vlasov sense)
L, Interacting reflected particles system with oblique reflection

X :x0+f b(Xs’)ds+J o(X)dBL + sup Gy (1), i=1,.....
0 0

s<t

E[h(X})] = 0, Jt E[h(X))]dKs = 0O

t
Y;:X0+f
0

® Existence and uniqueness of a solution with
O h concave (Tanaka, 89)
o KN = sup,=, G (M)

® Chaos propagation N — 400 : A — p; (LLN) and K — K; ~» YES |

. t . .
b(Xs’)ds—i-J c(XVABL i =1, = £(Y0)
0



Q Constrained in law SDE : a more general setting

Consider on [0, T], T > 0 the system:

t t

t
Xe = Xo +f b(Xs)ds+J o (X:)dBs +f dK:
0

0 0 ¢
Vte[0,T]: Eh(X:) =0 J E[h(X:)]dKs = 0
0

At the PDE level: (in distribution sense)

1 . .
Orfte — 562(02/“) + div(peb) + div(pue)dKe = 0, o = dx

t
+Vte [0, T], H(ue):= Jhd,ut >0, J H(ps)dKs =0
0



Q Constrained in law SDE : a more general setting

Consider on [0, T], T > 0 the system:

t t

t
Xe = Xo +f b(Xs)ds+J o (X:)dBs +f dK:
0

0 0 ¢
Vte[0,T]: Eh(X:) =0 J E[h(X:)]dKs = 0
0

At the PDE level: (in distribution sense)

1 . .
Orfte — 562(02/“) + div(peb) + div(pue)dKe = 0, o = dx

t
+Vte [0, T], H(ue):= Jhd,ut >0, J H(ps)dKs =0
0

® Extension to the multi-dimensional setting ?



Q Constrained in law SDE : a more general setting

Consider on [0, T], T > 0 the system:

t t

t
o(X:)dB; + J dK,

Xe = Xo +f b(Xs)ds +J'
0

0 0 ¢

Vte[0, T]: H(u) =0 f H(ps)dKs = 0
0

At the PDE level: (in distribution sense)

1
Otpir — 562(02/10 + div(peb) + div(pue)dKe = 0, o = dx
t
+Vte [0, T], H(u:) =0, f H(ps)dKs =0
0

® Extension to the multi-dimensional setting ?
® More general reflections : H : P»(R?) — R ?



Q Constrained in law SDE : a more general setting

Consider on [0, T], T > 0 the system:

t t t
X: = Xo +f b(X.)ds +f o(X.)dB, +J dK,
0 o, 0
Vte [0, T]: H(ue) =0 J H(ps)dKs =0
0

At the PDE level: (in distribution sense)
1
Otpir — 562(02,ut) + div(peb) + div(pe)dKe =0, o = o«
t
+Vte [0, T], H(u:) =0, f H(ps)dKs =0
0

® Extension to the multi-dimensional setting ?
® More general reflections : H : P»(R?) — R ?

L, no representation formula for K anymore!



Q Constrained in law SDE : a more general setting

Consider on [0, T], T > 0 the system:

t

Xe = Xo +J' b(Xs)ds +f o(X:)dB; +J 0, H (11s) (Xo)dKs
0 0 ¢ 0

Vte [0, T]: H(ue) =0 J H(us)dKs =0
0

t t

At the PDE level: (in distribution sense)

1 , .
Otpir — 552(02/“) + div(peb) + div(0, H () ue)dKe = 0, o = I«
t
+Vte [0, T], H(u:) =0, J H(ps)dKs =0
0

® Extension to the multi-dimensional setting ?
® More general reflections : H : P»(R?) — R ?

L, no representation formula for K anymore!

L, consider “normal’” reflection



® Constrained in law SDE with normal reflection

Consider on [0, T], T > 0 the system:

t t
X = Xo + J b(X:)ds + f 0(Xe)dBs + 0, H(ps) (Xe)dKe
0 0

t
Vte [0, T]: H(us) =0 f H(us)dKs =0
0



® Constrained in law SDE with normal reflection

Consider on [0, T], T > 0 the system:

t t

Xe = Xo + J b(Xs)ds + f o (Xs)dBs + 0, H(pis) (Xe)dKe
0 0

t
Vte [0, T]: H(us) =0 f H(us)dKs =0
0

® Coefficients Lispchitz + H is “bi-Lipschitz” : there exist 0 < m < M such that
Ve PRY) < |G () () < M
+ H has “Lispchitz” derivative : there exists C > 0 such that
WX e @), E[[HIXDX) = aHIYD(Y)P| < CE[IX = VP,

+ H partially C?



® Constrained in law SDE with normal reflection

Consider on [0, T], T > 0 the system:

X = Xo + Lt b(X.)ds + Lt o(Xs)dBs + 8, H (1) (Xs)dKe
Vte [0, T]: H(us) =0 Jt H(ps)dKs =0
® Coefficients Lispchitz + H is “bi—Lipscﬁitz” . there exist 0 < m < M such that
Ve PRY) < | [H) P (k) < M
+ H has “Lispchitz” derivative : there exists C > 0 such that
WX e @), E[[HIXDX) = aHIYDY)P| < CE[IX = VP,

+ H partially C?
AND
® the coefficient o is uniformly bounded
® OR His L-concave: H(v) — H(p) — E[0,H([X])(X) - (Y — X)] < 0.
(Carmona-Delarue / Jabir ) “curve is below the tangent”

‘ Result: The normally reflected SDE admits a unique solution (X, K) ‘




£ Constrained in law SDE with normal reflection: penalization

Consider on [0, T], T > 0 the system:

t t

Xe = Xo + f b(Xs)ds + f o(X)dBs + 0, H(ps) (Xs)dK:
0 0

t
Vte [0, T]: H(us) >0 f H(ps)dKs = 0
0



£ Constrained in law SDE with normal reflection: penalization

Consider on [0, T], T > 0 the system:

t t

Xe = Xo + f b(Xs)ds + f o(X)dBs + 0, H(ps) (Xs)dK:
0 0

t
Vte [0, T]: H(us) >0 f H(ps)dKs = 0
0

Define the penalized approximation:

t t t
Xt = Xo+ [ b ds+ [ o(XE) dBe+ [ 0 (u)(XE) (s, Hw) 05, £ 0,
0 0 0

where

Yr(t,x) = r(t) if x < =1/k, u(t,x) = —kr(t)x, if —1/k < x <0, u(t,x)=0, if x



£ Constrained in law SDE with normal reflection: penalization

Consider on [0, T], T > 0 the system:

t t

Xe = Xo + f b(Xs)ds + f o(X)dBs + 0, H(ps) (Xs)dK:
0 0

t
Vte [0, T]: H(us) >0 f H(ps)dKs = 0
0

Define the penalized approximation:

t t t
Xt = Xo+ [ b ds+ [ o(XE) dBe+ [ 0 (u)(XE) (s, Hw) 05, £ 0,
0 0 0

where

Yr(t,x) = r(t) if x < =1/k, u(t,x) = —kr(t)x, if —1/k < x <0, u(t,x)=0, if x

® (X* K*)i=0 is a Cauchy sequence



£ Constrained in law SDE with normal reflection: penalization

Consider on [0, T], T > 0 the system:

t t

Xe = Xo + f b(Xs)ds + f o(Xs)dBs + 8, H(ps)(Xs)dKe
0 0

t
Vte [0, T]: H(us) >0 f H(ps)dKs = 0
0

Define the penalized approximation:

t t t
Xt = Xo+ [ b ds+ [ o(XE) dBe+ [ 0 (u)(XE) (s, Hw) 05, £ 0,
0 0 0

where

Yr(t,x) = r(t) if x < =1/k, u(t,x) = —kr(t)x, if —1/k < x <0, u(t,x)=0, if x

® (X* K*)i=0 is a Cauchy sequence -> main step
Find r(-) so that Yk, ¥s€ [0, T]: H(uk) = —1/k

L, relies on “bi-Lipschitz” property + partial C? regularity of H
+ control of the second order term in Itd - measure expansion
(Chassagneux-Crisan-Delarue) v~ concavity of H OR boundedness of o



@ Constrained in law SDE with normal reflection: PDE (2°4)

Consider on [0, T], T > 0 the system:

t t

X = Xo +f b(X)ds +J o(X:)dBs + K:
0 0
t
vee[0,T]: H(u) >0 f H(us)dKs = 0
0



9 Constrained in law SDE with normal reflection: PDE (2“‘1)

Consider on [0, T], T > 0 the system:

t t

Xe = Xo +f b(Xs)ds +J o(X:)dB; + K.

0 0
t

vee[0,T]: H(u) >0 f H(ps)dK, = 0
0

® Let ¢ : P2(R) (smooth) and u(t, p) := ¢(pr)



9 Constrained in law SDE with normal reflection: PDE (2“‘1)

Consider on [0, T], T > 0 the system:

t t

Xe = Xo +f b(Xs)ds +J o(X:)dB; + K.
0 0

t
vee[0,T]: H(u) >0 f H(us)dKs = 0
0

® Let ¢ : P2(R) (smooth) and u(t, p) := ¢(pr)

® [t6's formula on P>(R)

(0t + A)u(t,p) =0

u(T,u) = o)



@ Constrained in law SDE with normal reflection: PDE (2°4)

Consider on [0, T], T > 0 the system:

t t

Xe = Xo + J b(X:)ds + j o(Xs)dBs + K
0

0 t

vee[0,T]: H(u) >0 Jwagmg=o

® Let ¢ : P2(R) (smooth) and u(t, p) := ¢(pr)
® [t6's formula on P>(R)

{(a+mwnmo

u(T,u) = o)
where 1
Ap = [ b@2,00(@dn(2) + 5 [ 7*(22:0,0(2)dn(2)
® Non linear process



9 Constrained in law SDE with normal reflection: PDE (2“‘1)

Consider on [0, T], T > 0 the system:

t t

Xe = Xo +f b(Xs)ds +J o(Xs)dB; + K.

0 0
t

vee[0,T]: H(u) >0 f H(ps)dK, = 0
0

® Let ¢ : P2(R) (smooth) and u(t, p) := ¢(pr)
® [t6's formula on P>(R)
(0e + Au(t,u) =0
Neumann
u(T, 1) = ¢(n)
where 1
Ap = [ b@2.00(@d0(2) + 5 [ 7*(22:0, 0 2)dn(2)
® Non linear process

constrained — Neumann condition



@ Constrained in law SDE with normal reflection: PDE (2°4)

Consider on [0, T], T > 0 the system:

t t
Xe = Xo +J b(Xs)ds +J o(Xs)dBs + K
0 0
t
Vte [0, T]: H(ue) =0 f H(us)dKs =0
0

® Let ¢ : P2(R) (smooth) and u(t, p) := ¢(pr)
® y is A viscosity solution of

(0 + A)u(t,p) =0if H(p) >0,

+ [ Q) (@)t 1) (2)dulz) = 0 i Hiw) = 0
u(T, p) = o(p)
where 1
Ap = [ b@,00(@u(2) + 5 [ 7*(22:0,0(2)dn(2)

® Non linear process

® non-linear constrained — Neumann condition on the L-derivative



33 Constrained in law SDE with normal reflection: Mean Field counterpart
Consider on [0, T], T > 0 the system:

t t

b(Xs)ds + f o(Xs)dBs + 8, H(s)(Xs)dK:

0t

Vte [0, T]: H(us) =0 f H(us)dKs =0

Xt:XO"‘J-
0

X = x5+f b(s,Xs’)ds—l—J a(s7Xs’)dB;+J aNH(uﬁ’) (X)) dK?,
0 0 0
Lo

X(; ~ Mo, <is<N

N
W= N6, H(u?’) >0, JtH(uQ’) dK =0, t>0.
i 0

=



33 Constrained in law SDE with normal reflection: Mean Field counterpart

Consider on [0, T], T > 0 the system:

t

b(Xs)ds + f o(Xs)dBs + 0, H(ps) (Xs)dK:

t
Xe = Xo + J
0 t
Vte [0, T]: H(us) =0 f H(us)dKs =0
0
® “natural” MF counterpart: Interacting particles system reflected in mean field

t t

o(s. X0) dBL+ |

ot (1d') (X0) aK,
0

2
I

t
X4 +J b(s, X!) ds+J

0 0
Xo ~ po, 1<i<N

N
1 t
w'o= 520 H (MQ’) >0, f H (NSN) dkV =0, t>o0.
i=1 0



33 Constrained in law SDE with normal reflection: Mean Field counterpart
Consider on [0, T], T > 0 the system:

t

b(Xs)ds + f o(Xs)dBs + 8, H(s)(Xs)dK:

t

Xt:XO"‘J-

0
t

Vte [0, T]: H(us) =0 f H(us)dKs =0
0
® “natural” MF counterpart: Interacting particles system reflected in mean field

i

x
I
=
_l’_

t t t
f b(s,Xs’)ds—l—J (s, X!) dB! +J aNH(uﬁ’) (X)) dK?,
0

0 0
Xo ~ po, 1<i<N

u %Z‘Sxf’ H(uiv)zo, LtH(uLV) dk =0, t>o0.

® MF Skorokhod problem ? wws NO : H(po) = 0==H(ul') = 0



33 Constrained in law SDE with normal reflection: Mean Field counterpart
Consider on [0, T], T > 0 the system:

t

b(Xs)ds + f o(Xs)dBs + 8, H(s)(Xs)dK:

t

Xe = Xo + J
0 t
Vte [0, T]: H(us) =0 f H(us)dKs =0
0
® “natural” MF counterpart: Interacting particles system reflected in mean field

t

t
(s, X!) dB. + J ouH (u“’) (X}) dK™,
0

2
I

t
X4 +J b(s, X!) ds+J

0 0
Xo ~ po, 1<i<N

N t
1
wo= D H(u?’) >0, f H(MLV) dk" =0, t=0.
i=1 0

® MF Skorokhod problem s NO : H(ju0) = 0.==H (') = 0
L, Transport initial conditions along the normal up to set of constraint

Wxg<r>:xg+j
0

r

F;1H</‘)/\<lé(v><V>)( NOi(V)>dV



33 Constrained in law SDE with normal reflection: Mean Field counterpart

Consider on [0, T], T > 0 the system:

t
X = Xo + J b(Xs)ds + f o(Xs)dBs + 0, H(pus)(Xs)dKe
0 0
t
Vte [0, T]: H(us) =0 f H(us)dKs =0
0
® “natural” MF counterpart: Interacting particles system reflected in mean field

t

t t t
X = x(;+J b(s,Xs’)ds—i-J a(s7Xs’)dB;+J 8MH(MQ’) (X)) dK,
0 0 0
Xo(r) ~ fio, 1<i<N
1Y t
W=y uby M) =0 [ H(u) k! -0 t>0
0

i=1

® MF Skorokhod problem v~ NO : H(j0) = 0.==H(u) = 0

L, Transport initial conditions along the normal up to set of constraint
r

o K4() = X5 + [ Ml () (Ko ()

0



33 Constrained in law SDE with normal reflection: Mean Field counterpart

Consider on [0, T], T > 0 the system:

t

b(Xs)ds + f o(Xs)dBs + 0, H(ps) (Xs)dK:

t

Xe = Xo + J
0 t
Vte [0, T]: H(us) =0 f H(us)dKs =0
0
® “natural” MF counterpart: Interacting particles system reflected in mean field

t t t
X = x(;+f b(s,Xs’)ds—i-f a(s7Xs’)dB;+J 8MH(MQ’) (X)) dK,
0 0 0
Xo(r) ~ fio, 1<i<N
1Y t
W=y uby M) =0 [ H(u) k! -0 t>0
0

i=1

® MF Skorokhod problem v~ NO : H(j0) = 0.==H(u) = 0

L, Transport initial conditions along the normal up to set of constraint
r

o K4(0) = X5+ [ bl () (Ki(v)a
0
® MF system converges: EX§ < +c0 + (H concave OR o bounded) s
Wz(/lﬁ,vm(r). 1t0) — 0 and coupling works.
5



el Constrained in law SDE : generalization

® Back to PDE pb: Skorokhod problem on deterministic fokker-planck

1
depue = 592([00*]Mf) + div(peb) 4+ div(d, H(pe) pue)dKe

t
H(pe) =0 j H(pus)dKs =0, t=0
0



el Constrained in law SDE : generalization

® Back to PDE pb: Skorokhod problem on stochastic fokker-planck
1
depe = 562([UU*+010;X<]/14) + div(peb) 4 div(d, H(pe) pue)dKe
+div (prordWy)

t
H(pe) =0 J H(ps) dKs =0, t=0
0

® K is no longer deterministic.



el Constrained in conditional law SDE : generalization

® Back to PDE pb: Skorokhod problem on stochastic fokker-planck
1
depe = 592([ao*+olaj‘]ut) + div(peb) 4 div(d, H(pe) pue)dKe
+div (prordWy)

t
H(pe) =0 J H(ps)dKs =0, t=0
0
® K is no longer deterministic. Associated SDE:

t t t
X = Xo +J b(s, X.) ds +f o (s, Xs) dBs +J o1 (s, Xe)dW,
0 0 0
t
+ [ e ) ok,
0

H(IXW)) > 0, Ltm[xswv])dm:o, t>0.



[ca] Constrained in conditional law SDE with common noise

® Back to PDE pb: Skorokhod problem on stochastic fokker-planck

1
Ocpe = 502([00*-5-0101*]#:) + div(peb) + div(9u H(pe) pe)dKe
+div (pro1dWy)

H(pe) = f H(ps)dKs =0, t>=0

® K is no longer deterministic. Associated SDE:
t
X,:Xo+fb(s,Xs)ds+f o(s, Xs) dBs +f<71(sX)dW
o
t
+ j O H([Xs|W])(Xs) dK.
H([X:|WT) j H([Xs|W])dKs =0, t=0.
® Associated MF system:
. . t i t ) ) t ) t )
X=X +J b(s,Xs')derJ (s, X!) dB! +J o1(s, XD) dW, +J ouH (@’) X!y dk"
0 0 0 0

S s
Nle ) N ¢ N N
e DT H(u) =0, foH(us)szfO, t>o0.

i=1



Constrained in law SDE: resume

® measurable in time and Lipschitz in space coefficients (could be Wasserstein w.r.t. a law
argument)

® constraints of the form H(u) = 0 + H "bi-Lipschitz” (locally)
L, one dimensional case and constraint of scalar type (3!) and MF counterpart (3!
+convergence v~ numerical scheme)

® - H partially C? 4+ H is concave OR o is bounded
Ls normal reflection, any dimension (3!) and MF counterpart (3! +convergence v~
numerical scheme) + Neumann PDE on Wasserstein space (3 in viscosity sense +
Feynman-Kak formulae)

® + His fully C?
L, reflection in conditional law (3!) and MF counterpart with common noise + Stochastic
Neumann PDE (Feynman-Kak formulae)

What about constrained in law backward SDE ?

® ‘“same assumptions give same results” (up to common noise)
L, Warning: works for H concave + fully C? (¢ bounded v~ Z bounded )
L» Warning: convergence of MF counterpart requires Z bounded in Ly, p > 4 v~ requires
regularity
L» Warning: Associated PDE is not Neumann: driver independent of Z v~ 3 viscosity
solution to obstacle problem on Wasserstein space + Feynman-Kak formulae for decoupling
field



Thank you!



