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In this talk we will study projections of semi-martingales on various filtrations and
give applications to some BSDEs.
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A (special) semimartingale is a process X which admits a decomposition as
X = M + A where M is a (local) martingale and A a (predictable) process with

bounded variation.

Let F C G be two nested filtrations (i.e. F; C G, V& > 0). The F-(optional)
projection of a G-martingale X© on F i.e., XI' = °X? = E(XZ|F;),t > 0 is an
F-martingale. The projection of a bounded variation process is not, in general a
bounded variation process.
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A simple case

The first step is to recall a well known lemma.

For any (bounded) process 9, let F be a filtration and define 9% = E[J,|F,]. Then,

t t t t
M, — E[/ ﬁudu\]:t]—/ E[ﬁu\Fu]du:E[/ ﬁudu\]-“t]—/ S du
0 0 0 0

is an [F-martingale.

t t
Vs <t, E[M]|F,] = E[E[/ ﬁudu|Ft]—/ D] Fu duIF]
0 0

t s t 7
- IE[/ ﬁudu|]—"s]—IE[/ 0| Fu du+/ E[9,,|Fu]du|F,
0 0 i
S t S 7]
:E[/ Yydu|Fs| + E[/ Uy du| F] —/ E[9,|Fuldu — E [/ E[9,|Fu]du| Fs
0 s 0 J

t
_ MS+E[/ ﬁudu\]-"s]—/ B[, | F]du = M,.
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Let F C G be two nested filtrations, v be a G-adapted integrable process and M be
the F-martingale

t t
Mt:E[/ z?sds\]-"t]—/ W ds .
0 0

The goal is to identify M in terms of the process ¥ and one (or more) specific
F-martingales which satisfy predictable representation property (PRP) on F.

We recall that PRP is satisfied in a filtration H if there exists an H-martingale
(may be multidimensional) Y such that any H martingale X can be written as
X = Xo + fot psdY, for a predictable process . Basic examples are Brownian
filtration and filtration generated by a marked point process.
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Assume that F is a Brownian filtration generated by . In that case,
predictable representation property (PRP) yields that there exists an F-predictable
process 1 such that M; = fg Y dWs.

For any [F-adapted bounded process ¢ one has

t t t t
E[/ ﬁsds/ psdWs| = E[E[/ ﬁsds|Ft]/ wsdWy]
0 0 0 0
t t t
1] / 9 ds / s dWs] + E[M; / s dW]
0 0 0

/ﬁds/ psdW| — /ﬁFdS/ psdW]
= EM /gpde /wsgpsds

hence,
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To proceed, we need to apply integration by parts applied to the product of
G-processes fg V.ds and fg 0 dW, (if fg ©0,dW, is a G-semimartingale!)

E[/Otﬁsds /OtgadeS]:E[/Otﬁs (/Osgouqu> ds]+E[/0t% (/Osﬁudu> W] .

We now assume that there exists a G-(predictable)process a® such that W is a
G-semimartingale with decomposition

t
W, =W + / a2 ds
0

where W© is a G-Brownian motion, then fg wsdWs is a (G-semimartingale and

E[/Ot% (/O ﬁudu) dW,] = E[/Otgos (af /O ﬁudu> ds] +E[/Ot ©s (/O ﬁudu> dW?E]
= E[/Ot% (af/osﬁudu) ds] .
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We have (by conditioning)

E[/Otﬁs (/Osgouqu) ds] zE[/Otﬁf </Os¢udwu> ds] .
Then
E[/Otﬂsds /Ot s dWy] = E[/Otﬁf (/0 g@uqu) ds]+E[/Ot P50 (/Osﬁudu) ds]
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With the same kind of computation

t t t S t S
E[/ ﬁﬂ;’ds/ 0 dW,] = E[/ 9" (/ g&uqu> ds]+E[/ Ds (/ ﬁEdu) dW,]
0 0 0 0 0 0
t S
= B[ o ( / goudwu) ]
0 0
and from

E[/Otﬁsds /Ot s dWs] = E[/Otﬁf </0 gouqu> ds]+E[/Ot psa” (/Osﬁudu> ds]

we get

S [ upads) = B[ oua ([ o) as

0
and this being true for any ¢, this yields

Ve = E[a?/ Vo du| Fsl.
0
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As a check, if 0 is F-adapted, then 1; = E[a¥®|F] f(f v, du = 0 since
E[a®|F;] =0,Vs > 0.

Note that this can be easily extended to the case where F admits a martingale

(may be multi-dimensional or having jumps) which enjoys PRP.
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Martingales

Let IF be a Brownian filtration generated by W and G a bigger filtration IF C G.

Assume that

t
W, =WE + / aCds
0

where W© is a G-Brownian motion. Then, if the G-martingale Y® admits the

decomposition
t
VE=YE o+ [ yfaws
0

where Y® is a Go-measurable 1.v. one has

t
E[YE|FR]=YF +/ YsdW .
0
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Computing
t
EYE [ pudW,
0

using, as before integration by parts, one finds

s = Ely +a Y| 7.

13



Monique Jeanblanc

Examples

These examples are known in enlargement of filtration theory.

e Initial enlargement

Let ¢ be a random variable and consider F(¢) the filtration ft(g) = F: V(). Let n
be the law of (. We say that ( satisfies Jacod’s absolute continuity condition
if, for each ¢ > 0, its conditional law is absolutely continuous with respect to its

unconditional law, i.e.,
Py(du) = p(u)n(du)

and p(u) is an F-martingale satisfying

ELf(C)|F,] = / F(w)pe— (w)n(du)
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Suppose that ¢ satisfies Jacod’s absolute continuity condition.

Note that p:(¢) > 0 and, in a Brownian filtration

dps(u) = o¢(u)dWy

hence, from results in enlargement of filtrations ago = a:ég Furthermore, WE
satisfies PRP.

i)
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Note that any .7:15(0 random variable KF(O can be written as KF(O = Y,"(¢) where
Y¥(u) is F-adapted.

Let YF“ be the F(O-martingale YtF(C) = gyf(C)de(O, then its F-optional
projection is Y; = fot Y dW with

$o = / (5F (w)ps (1) + 04 () Y () ) ()
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e Progressive enlargement

Let 7 be a positive r.v. satistfying Jacod’s condition and G the progressive
enlargement of I with 7, i.e. the smallest filtration which contains F and turns 7

into a stopping time.

Then, any F-martingale is a G-semimartingale and there exists a pair of processes
which enjoy PRP.
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Shrinkage of a BSDE

Let us consider the following BSDE, in the initially enlarged filtration G
dXy = —f(t, Xy, 2. )dt + Z7dW, X7 = B
where B € Gp is bounded, and W® a G-Brownian motion
t
W, =Wp + / aZds
0

and f(s,x, z) is F-adapted. Due to the PRP of W® this BSDE admits a solution
under the usual Lip. conditions on f. Recall that Z& = ZF'(¢) where Z%(u) is
F-adapted.

Let X; = E[XE|F] and Y& = [ ZEdWE = YF(¢). One has

t
E[VE|F,] = / oWV,
0

where
ks = B[Z° + a®YE|F,].
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Under Jacod’s hypothesis, writing the density in absolute continuity assumption as

dps(u) = o (u)dWy

we know that a¥ = gzgg and

Bl 28w F,) = / t ( [ (ZE )+ Yf<u>as<u>>n<du>)dws .

So that, setting X; = E[X|F;], and

1F = E[f(t, X, 28)|F] = / £t XF (), ZF (u))py (w)p(du)
we obtain

X, =l [ (ZE@plw) + oY ) n(du) aw;

+ /R(J't(u)/o f(S?Xf(u)vZE(U))ps(U)dSn(du))th_
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In the particular case where f(s,x,z) = as + Bsx, where a and 3 are F-adapted

dX: = — (o + B Xy )dt + Z,dWy,  Xp = E|[B|Fr]
with

Z, = /Rat(u)/o fads n(du)
n /R (Zs(u) + 05 (1) Ya (u)) ps (1) ) (due)

20
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Thank you for your attention
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