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1. Motivation



Major/Minor MFG
• Game between

◦ major dX0
t = α0

t dt + σ0 dB0
t

◦ many minors dXi
t = αi

t dt + dBi
t, i = 1, · · · ,N

• Cost

◦ major

E0
[
g0

(
X0

T ,
1
N

N∑
j=1

δXj
T

)
+

∫ T

0

{
f 0
t

(
X0

t ,
1
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N∑
j=1

δXj
T

)
+ L0(X0

t , α
0
t )
}

dt
]

◦ minor i

E0E
[
g
(
X0

T ,X
i
T ,

1
N

N∑
j=1

δXj
T

)
+

∫ T

0

{
ft
(
X0

t ,X
i
t ,

1
N

N∑
j=1

δXj
T

)
+ L(Xi

t , α
i
t)
}

dt
]

•MFG is to directly address the game obtained by letting N → ∞
formally and just using the statistical description of the minors
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2. Characteristics



Stochastic forward-backward system
• Verification argument starting from (V0,V): values of the game

◦ V0(t, x0, µ): equilibrium cost to major when initial position at
time t is x0 and initial state of minors is µ (probability measure)

◦ V(t, x0, x, µ): equilibrium cost to one tagged minor starting from
x at time t

• Equation for the major

◦ Y0
t := V0(t,X0

t , µt), Z0
t := ∇xV0(t,X0

t , µt)

dX0
t = −∇pH0(X0

t ,Z
0
t
)

dt + σ0 dB0
t

dY0
t = −

(
f 0
t (X0

t , µt) + L0(X0
t ,−∇pH0(X0

t ,Z
0
t
)))

dt + σ0Z0
t · dB0

t

• Equation for the minor

◦ ut(x) := V(t,X0
t , x, µt), v0

t (x) := ∇x0V(t,X0
t , x, µt)

∂tµt −
1
2∆xµt − divx

(
∇pH

(
·,∇xut

)
µt

)
= 0

dtut(x) =
(
− 1

2∆xut(x) + H
(
x,∇xut(x)

)
− ft(X0

t , x, µt)
)

dt + σ0v0
t (x) · dB0

t

µ0 = µ, uT (x) = g(X0
T , x, µT )
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3. Main Results



Program
• Connection between MFG and Characteristics

◦ ∃! to Stochastic FB system for any initial condition (t, x0, µ)⇒
∃! Nash equilibrium

• Example: T � 1

◦ prove ∃! to Stochastic FB under Cauchy-Lipschitz type
conditions for

T ≤ c := c
(
Lipx0,x,µ

(
g0, g

)
, ...others...

)
◦ makes it possible to define (V0,V)

• On arbitrary length T: a priori estimates for

Lipx0,x,µ
(
V0(t, ·, ·),V(t, ·, ·, ·)

)
under σ2

0 � 1

• Combine with smoothness to get classical solution to master
equations
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Assumptions
•Major in Rd, minor in Td

• Standard assumptions

◦ coefficients are Cd/2+2+···, bounded derivatives in x0, x

◦ (strictly) convex Hamiltonians, ∇p at most of linear growth in p,
other derivatives are bounded

•Monotonicity f , g

〈f (x0, ·, µ
′) − f (x0, ·, µ), µ′ − µ〉 ≥ 0

• Then, existence and uniqueness if σ2
0 ≥ C(T)

• To get C(T)

◦ long time behaviour of f (to get σ2
0 � 1 indep of T)∫ ∞

0
sup

x0∈Td
sup

µ∈P(Td)
|f 0

t (x0, µ) − F0(x0)| dt < ∞∫ ∞

0
sup

x,x0∈Td
sup

µ∈P(Td)
|ft(x0, x, µ) − F(x, µ)| dt < ∞
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4. A priori Estimates



Easier Setting
• Choose

◦ f 0 ≡ 0, f ≡ 0

◦ L0(x0, α0) = 1
2 |α0|

2, L(x, α) = 1
2 |α|

2

• Stochastic FB system becomes

◦ major

dX0
t = −Z0

t dt + σ0 dB0
t

dY0
t = − 1

2 |Z
0
t |

2 dt + σ0Z0
t · dB0

t

Y0
T = g0(X0

T , µT )

◦ minor

∂tµt −
1
2∆xµt − divx

(
∇xutµt

)
= 0

dtut(x) =
(
−1

2∆xut(x) + 1
2 |∇xut(x)|2

)
dt + σ0v0

t (x) · dB0
t

uT (x) = g(X0
T , x, µT )
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A priori Bounds I
• Bounds on u

◦ take ∂x in backward(u) and use maximum principle

sup
t∈[0,T]

|∇xut| ≤ C(σ0,T)

◦ take higher derivatives

sup
t∈[0,T]

‖∇xut‖d/2+1+··· ≤ C(σ0,T)

• Bounds on v0

◦ for any stopping time τ

σ2
0E

0
[∫ T

τ

∥∥∥∥v0(r, ·)−
∫
Td

v0(r, x)dx
∥∥∥∥2

1
dr | F 0

τ

]
≤ C(σ0,T)

◦ BMO estimates

E0
[
exp

(
γσ2

0

∫ T

τ

∥∥∥∥v0(r, ·) −
∫
Td

v0(r, x) dx
∥∥∥∥2

1
dr

)
| F 0

τ

]
≤ C(σ0,T)

for some γ = γ(σ0,T) > 0
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A priori Bounds II
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5. Weak Formulation



Girsanov transformation
• New probability measure P̃0 := ET · P

0

◦ tilted Brownian motion

B̃0
t := B0

t − σ
−1
0

∫ t

0
Z0

s ds

• New Stochastic FB system

◦ major

dX0
t = σ0 dB̃0

t

dY0
t = 1

2 |Z
0
t |

2 dt + σ0Z0
t · dB̃0

t

Y0
T = g0(X0

T , µT )

◦ minor

∂tµt −
1
2∆xµt − divx

(
∇xutµt

)
= 0

dtut(x) =
(
− 1

2∆xut(x) + 1
2 |∇xut(x)|2 + Z0

t · v
0
t (x)

)
dt + σ0v0

t (x) · dB̃0
t

uT (x) = g(X0
T , x, µT )

• Still have a priori bounds!

Ẽ0
[
exp

(
γ̃σ2

0

∫ T

τ

∥∥∥∥v0(r, ·) −
∫
Td

v0(r, x) dx
∥∥∥∥2

1
dr

)
| F 0

τ

]
≤ C(σ0,T)



Girsanov transformation
• New probability measure P̃0 := ET · P

0

◦ tilted Brownian motion

B̃0
t := B0

t − σ
−1
0

∫ t

0
Z0

s ds

• New Stochastic FB system

◦ major

dX0
t = σ0 dB̃0

t

dY0
t = 1

2 |Z
0
t |

2 dt + σ0Z0
t · dB̃0

t

Y0
T = g0(X0

T , µT )

◦ minor

∂tµt −
1
2∆xµt − divx

(
∇xutµt

)
= 0

dtut(x) =
(
− 1

2∆xut(x) + 1
2 |∇xut(x)|2 + Z0

t · v
0
t (x)

)
dt + σ0v0

t (x) · dB̃0
t

uT (x) = g(X0
T , x, µT )

• Still have a priori bounds!

Ẽ0
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Flow in the weak formulation
• Take two initial conditions (x0, µ0) and (x′0, µ

′
0)

◦ goal is to address

Y0 − Y ′0 and u0 − u′0
◦ same

V0(0, x0, µ0) − V0(0, x′0, µ
′
0) and V(0, x0, ·, µ0) − V(0, x′0, ·, µ

′
0)

◦Markov structure⇒ licit to make this on the weak formulation
with the same Brownian motion for all the initial conditions

•Write
δX0

t = X0,′
t − X0

t , δY0
t = Y0,′

t − Y0
t . . .

◦ difference of the majors

dδX0
t = 0,

dδY0
t =

Z0
t + Z0,′

t

2
· δZ0

t dt + σ0δZ0
t · dB0

t

◦ difference of the minors

∂tδµt −
1
2∆xδµt − divx

(
∇x

ut + u′t
2

δµt
)
− divx

(
∇xδut

µt + µ′t
2

)
= 0

dtδut(x) =
(
− 1

2∆xδut(x) + ∇x
ut(x) + u′t(x)

2
· ∇xδut(x)

+
Z0

t + Z0,′
t

2
· δv0

t (x) + δZ0
t ·

v0
t (x) + v0,′

t (x)
2

)
dt + σ0δv0

t (x) · dB0
t
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6. Linearized system



Tilted linearized system
• Under new probability measure P̄0

◦ difference of the majors

dδX0
t = 0

dδY0
t = σ0δZ0

t · dB̄0
t

δY0
T = g0(X0

T , µT ) − g0(X0,′
T , µ′T )

◦ difference of the minors

∂tδµt −
1
2∆xδµt − divx

(
∇x

ut + u′t
2

δµt
)
− divx

(
∇xδut

µt + µ′t
2

)
= 0

dtδut(x) =
(
− 1

2∆xδut(x) + ∇x
ut(x) + u′t(x)

2
· ∇xδut(x)

+ δZ0
t ·

v0
t (x) + v0,′

t (x)
2

)
dt + σ0δv0

t (x) · dB̄0
t

δuT (x) = g(X0,′
T , x, µ′T ) − g(X0

T , x, µT )



Key functional - I
• Follow Lasry-Lions proof of stability for standard MFGs

dt
[
ε1|δYt|

2 − (δut, δµt)
]

=
[
ε1σ

2
0|δZ

0
t |

2 +
(
|∇xδut|

2,
µt + µ′t

2
)
−
(
δµt, δZ0

t ·
v0

t + v0,′
t

2

)]
+ dmartt

◦ intuitively, needs the dt term in RHS to be ≥ 0

• Need penalization to kill bad term

et = E
0
[
exp

(
−
σ2

0

A

∫ T

t

∥∥∥∥v0
r + v0,′

r

2
−

∫
Td

v0
r + v0,′

r

2

∥∥∥∥2

1
dr

)
| F 0

t

]
, t ∈ [0,T]

◦ !!previous BMO estimates!! (still correct after changes of
measures)

1
A
� 1⇒ e−1

t ≤ C(σ0,T)
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Key functional - II
• Replace previous functional by

dt

[
ε1|δY0

t |
2 − (δµt, δut) + ε2et

(
‖δµ0‖

2
−1 +

∫ t

0

(∣∣∣∣∇xδur

∣∣∣∣2, µr + µ′r
2

)
dr

)]
‖µ − µ′‖−1 =W1(µ, µ′)

• Expansion

dt

[
ε1|δY0

t |
2 − (δµt, δut) + ε2et

(
‖δµ0‖

2
−1 +

∫ t

0

(∣∣∣∣∇xδur

∣∣∣∣2, µr + µ′r
2

)
dr

)]
[
ε1σ

2
0|δZ

0
t |

2 +
(
|∇xδut|

2,
µt + µ′t

2
)
−

+ ε2
σ2

0

A
et

∥∥∥∥v0
t + v0,′

t

2

∥∥∥∥2

1

(
‖δµ0‖

2
−1 +

∫ t

0

(∣∣∣∣∇xδur

∣∣∣∣2, µr + µ′r
2

)
dr

)
+ ε2et

(∣∣∣∣∇xδut

∣∣∣∣2, µt + µ′t
2

)]
dt + dmartt

• Boundary condition

◦ monotonicity⇒ −(δuT , δµT ) ≤ C
(
|x′0 − x0|

2 + ‖δµ0‖
2
−1

)
+ 1

4 RHS

◦ Lipschitz⇒ ε1|δYT |
2 ≤ Cε1‖δµT‖

2
−1 ≤ ” ”

• Conclusion: |δY0|
2 ≤ C

(
|x′0 − x0|

2 + ‖δµ0‖
2
−1

)
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