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Forwards

Two Anniversaries of 60 Years

1. On January 27, China and France decided to establish their diplomatic
relationship.

2. On April 10, Ying Hu was born in Jiangsu Province, China.

Last year saw two anniversaries of 50 years for ...... and ...... ?

Happy Birthday Ying!
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© Rough BSDEs and related results
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Rough BSDEs

A rough BSDE reads

T T T
m=5+/ me,anH/ gr(mdxr—/ Z,dW,, te0,T].
t t t

unknown pair of processes (Y, Z) : Q x [0, T] — R¥ x RFxd
terminal value &: an R*-valued random variable

coefficients f and g: progressively measurable vector fields
W a standard Brownian motion on (2, F, F;, IP)

X = (X,X): an R¢valued p-rough path, p € [2,3)
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R¢-valued p-rough path X = (X, X)

The space of continuous paths of finite p-variation is denoted by
CcPvar ([0,7],V).

For p € [2,3), we call X = (X, X) a two-step p-rough path with values in
R¢, denoted by X € €7V ([0, T],R€), if the following are satisfied
(i) X € cPuar ([0, T, R°);

(i) X: A = R°®R® is continuous and |X|p_, ... is finite;
2
(iii) X satisfies Chen's relation
5Xs,u,t = 5Xs,u X 5Xu,t7 A (S, U, t) € AQ. (1)
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Existing results

o Diehl & Friz (AP, 2012): well-posedness of rough BSDEs for k = 1
with a flow transformation.

@ Crisan, Diehl, Friz & Oberhauser (AAP, 2013): well-posedness of
rough SDEs with the same flow transformation.

@ Diehl, Oberhauser & Riedel (SPA, 2015): well-posedness of rough
SDEs with a joint lift of (W (w), X).

@ Friz, Hocquet & L& (2021): well-posedness of rough SDEs with a
fixed-point argument.
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© Case for g deterministic and time-invariant
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Case for g deterministic and time-invariant

Consider the rough BSDE with deterministic and time-invariant
coefficient g:

T T T
=g+ [ hzydrs [ gax, - [ zaw. @
t t t
We call (Y, Z) € S® x BMO a solution to (2) if there exist

X" e C*([0,T],R®) and (Y™, Z™) € S*° x BMO forn=1,2,---, such
that (Y, Z"™) is a solution to BSDE

T . T
=g [ (h0n o ) ar - [ zpaw,
t t
and

lim_ (pp-var (X X) + [[Y" =Yl + 2" = Zl gps0) = 0

n—oo
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Assumptions and the main theorem

@ X is a geometric p-rough path.
e e L™ (Q,]—"T;}Rk).
@ There exist L > 0 and measurable adapted processes
A pi: Q% [0,T] — [0, 00) such that HfOT (Ar + 12) drHoo < o0,

£ 2) + 10, (0, 2)| < Mo+ L (Jyl® + 1=1%)

10-f¢ (y,2)] < pe + L(lyl + |2]) -
@ g € Lip” (Rk,ﬁ (Re,Rk)) for vy > p+2.
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Assumptions and the main theorem

@ X is a geometric p-rough path.
e e L™ (Q,]—"T;}Rk).
@ There exist L > 0 and measurable adapted processes
A pi: Q% [0,T] — [0, 00) such that HfOT (Ar + 12) drHoo < o0,

£ 2) + 10, (0, 2)| < Mo+ L (Jyl® + 1=1%)

10-f¢ (y,2)] < pe + L(lyl + |2]) -
@ g € Lip” (Rk,ﬁ (Re,Rk)) for vy > p+2.

Theorem (Liang—Tang'23™)

For [|€]| » HfoT (Ar + p2) drH and X[, sufficiently small, the rough
o0
BSDE (2) has a unique solution (Y, Z) satisfying

T
1Yl + 12l mat0 S €l + /O O+ 12) dr
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Flow transformation

Define
o ¢:[0,T] x R¥ — R¥ be the solution flow to RDE

T
<z5t(y)—y+/t 9 (¢r (y)) dX,,

and 9:(-) be the inverse of ¢:(-),
oY :=¢(Y)and Z:=Dy (Y) Z,
o f:Qx[0,T] x RF x RF*¥? _ R¥ by

Fol3.2) = (D0 ) (100 0). Do (0)2) + 3D% () 2 )
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Quadratic BSDEs

Then the rough BSDE (2) is transformed into the BSDE:
Y;:§+/ fT(YT,ZT)dr—/ ZpdW,, tel0,T].
t t
By Assumptions, we get estimates on f:

1@ 2)| + 057 3. 2)] S A0+ 123+ 1Ky + 11 + 2P

0:f: (3,2)| S it + Xy + 171+ 121

Tevzadze (SPA, 2008): multidimensional quadratic BSDEs are well-posed
for small terminal value.
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@ Case for g linear
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Some notations of space

For ¢ € [1,00) and m € [1, c0] define
o Ai={(s,8):0<s<t<T},
o CI"" Ly, ([0,T],9Q;V) as the space of measurable adapted processes
A:Qx A — Vsuchthat Ae C (A, L™(Q;V)) and

q

||A”m,q—var = sSup Z HAU,UH% < o0,
TeP([0,17]) [u,v]Em

e CTv L, ([0,T],€;V) as the space of measurable adapted processes
Y :Qx[0,7] = V such that Y € C ([0,T], L™ (©;V)) and
|0Y]| < 00, where 0Yy; :=Y; — Y, endowed with the norm

m,q-var

Y llcavar g, = Y2 [l + [0V

m,g-var *
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Stochastic controlled rough paths

We call (Y,Y”) an L™-integrable V-valued stochastic controlled rough
path, denoted by (Y,Y’) € D" L, ([0,T],Q; V), if

o Y ecrvrr, ([0,T],QV),

o Y' e crverr, ([0,T],9; L (RE, V),

o ERY € CP* " L, (10,T],9; V), where RY, = 6Ys; — Y/6X,,.
We call (Y,Y”) a controlled rough path with values in L™ (Q; V),
denoted by (Y,Y) € PP L. ([0, T],Q; V) if additionally

o RY e c\W/verp,
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Decomposition lemma (Friz—Hocquet-L'217")

For any (Y,Y') € Dg?’p)'mTLm with m € [2, 00), there exists a unique pair
of processes (YM Y7) such that YM € CPvo"L,, is an L™-integrable

martingale with Yj¥' =0, (Y7/,Y") € .@g?’p)'erm andY =YM 4 v/
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Decomposition lemma (Friz—Hocquet-L'217")

For any (Y,Y') € Dg?’p)'mTLm with m € [2, 00), there exists a unique pair
of processes (YM Y7) such that YM € CPvo"L,, is an L™-integrable

martingale with Yj¥' =0, (Y7/,Y") € .@g?’p)'erm andY =YM 4 v/

For K > 1 define

T I 7 e g el
! YJ
8 L PR R
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Sewing lemma

Let A:Q x A — V be a measurable adapted L™-integrable process.

Assume that there exist positive constants ¢; and controls w; for
1 < ¢ < N such that

N

10 Asutll,,, < Z w; (s, t)HEi
i=1

where 0 A,y = Ast — Agu — Auyi. Then there exists a unique measurable
adapted L™-integrable process A : Q x [0,7] — V with Ay = 0 such that

N
16 A — Asill,y SO wi (s, )+
i=1

Moreover, we have

lim sup ||A; — Auont)| =0.
m€P([0,T1),|7|—0 ¢c[0,T] [u U]ezﬂuq w
) s = m
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Stochastic sewing lemma

Let A:Q x A — V be a measurable adapted L™-integrable process.

Assume that there exist positive constants ¢; and controls w; for
1 < ¢ < N such that

H(SA < ZU}Z S, t +€Z R ES(SAs,u,t = 07

where 0 A,y = Ast — Agu — Auyi. Then there exists a unique measurable
adapted L™-integrable process A : Q x [0,7] — V with Ay = 0 such that

N
16 A5 — Asall,y S wi(s,8)245 By [§Asy — Agy] = 0.
=1

Moreover, we have

lim sup ||A; — Auont)| =0.
m€P([0,T1),|7|—0 ¢c[0,1] [u U]ezﬂuq w
) s = m
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p-rough stochastic integration

Let (Y,Y’) € PP L, ([0,T],9; £ (R, R¥)). Then there exists a
unique measurable adapted L™-integrable process
JoYdX : Q x [0,T] — R* with the vanishing initial value such that

t
lim sup / YdX — Vb Xy ont + YiXo, —o.
WEP([O’T])»|7|'|4>0 tE[O,T} 0 [u U]Ezﬂ-u<t ( u w, VN u™u U/\t)

b s = m

We call [, YdX the p-rough stochastic integral of (Y,Y”) against X.
Moreover, (fo YdX,Y) € .@)(?’p)_wrl)m ([O,T] ,Q;Rk) and for any K > 1,

: (K)
()]
0 D()?,q)-vaer
L

< Wil + Ny, (4 B Kl )
X m
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Define AY, := YM6X,, and A, := Y 0X,, 4+ Y/X,.
Apply stochastic sewing lemma to A™ to obtain fo YMax.
Apply sewing lemma to A7 to obtain fo Y/dX.

Define [, YdX = [, YMdX + [, Y/dX.
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Linear rough BSDEs

Consider the BSDE with a linear rough drift:

T T T
Vit [ hWnzydrs [ (G HYdX, - [ zaw,. ()
t t t

We call (Y, Z) € L2 x L2 a solution to (3) if
° foT |fr Yy, Zp)| dr is finite a.s.,

o (GY + H,(GY + H)') e D& Ly ([0,T],Q; £ (Re, R¥)), where
(GY + H) :==G(GY + H) +G'Y + H',
e for every t € [0,7],

T T T
Yt=£+/ Ir (Yr,Zr)dr+/ (GY+H)dX/ Z.dW, a.s.
t t t
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Assumptions and the main theorem

Assumptions:
o £ € L?(Q,Fr;R¥) and £(0,0) € L? ([0, 7], Q; RF).
o f is uniformly Lipschitz continuous in y and z.
o (G,G') e DPP L ([0,T],: £ (RF, £ (R, RF))).
o (H,H') e DUP™"" Ly ([0,T],9; £ (Re, RF)).
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Theorem (Liang—Tang'23™)
Under the above Assumptions, the rough BSDE (3) has a unique solution.
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Assumptions and the main theorem

Assumptions:
o £ € L?(Q,Fr;R¥) and £(0,0) € L? ([0, 7], Q; RF).
o f is uniformly Lipschitz continuous in y and z.
o (G,G') e DPP L ([0,T],: £ (RF, £ (R, RF))).
o (H,H') e DUP™"" Ly ([0,T],9; £ (Re, RF)).

Theorem (Liang—Tang'23™)
Under the above Assumptions, the rough BSDE (3) has a unique solution.

Auxiliary results:
o Fel?= [y Fudr € C Ly = ([ Fydr,0) € 287" Ly,
@ M is a square-integrable martingale = M € CoFvary,.
o (Y" Y/) c Dg?p)-varld = (GY" Gyl + G/Y) c Dg;(),p)-varLZ
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Fixed point argument

Define

S:={(V.Y".2) € DY Ly x 12 : Yy = £,V = Gy + Hr )
1Y, 2| = [ (YIS e, + K N2
X 2
Forany (Y,Y',Z) €S, M : Q x [0,T] — R* defined by

T T
My = E, [54—/ fr (K,Zr)dr+/ (GY+H)dX]
0 0
is a square-integrable martingale and there exists unique ®Z such that
t
M, = My +/ dZAW,..
0
Define ' := GY + H and
T T T
oY :=5+/ fr (Y},Zr)dr—ir/ (GY+H)dX—/ dZAW,..
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Thank you for your attention!

Ying,
Happy Birthday!
More Happiness, More Luckies and More Successes
in the future!
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