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Introduction

@ Motivated by various applications, mean-field systems and mean-field
games on large networks have been explored for different random graph
models, e.g. Erdds-Rényi graph (Delarue 2017) or heterogeneous
random graphs (Oliveira and Reis 2019).

@ Recently, the use of graphons has emerged in order to analyze
heterogeneous interactions in mean-field systems and game theory, (see
Caines, Carmona, Bayraktar, Lacker, Lauriere ...)

@ Our goal here is to study Graphon Mean Field BSDEs with jumps
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Outline

@ BSDE with jumps with general mean-field operators
The driver of the BSDE contains a mean-field term which can
accomodate several types of interactions ; in particular higher order
interactions

© Graphon Mean Field BSDEs
Extend the study by the introduction of graphon interaction in the
driver to capture heterogeneous interactions

(INRIA, Mathrisk)



Mean-field BSDEs with jumps

Let (Q2, F, P) be a probability space ; Let W be a Brownian motion;

N(dt, de) the compensated process of a Poisson r.m. N(dt, de) with
compensator v(de)dt s.t. v is a o-finite positive measure on R*.

Let F = {#:,t > 0} the natural filtration associated with W and N. Let T > 0.

—dX; = f(t,®, F(t, X;), X¢, Z, i (-) ) ot — ZdW; —/ I(e)N(at, de)
R*

Xr=&e [*(Fr)
where f is a Lipschitz driver and F is a Lipschitz mean-field operator
F:[0,T] x L2(F7) = R, (t,X) — F(t, X) is measurable, Vt € [0, T],

F(t,0) < 4o, and 3 C > 0s.t. V(Xy, X2) € L2(Fr) x L2(F7),
|F(t,X1) — F(t,X2)| < C|| X1 — Xz||2.

(INRIA, Mathrisk)



BSDE with jumps with general mean-field operators Examples of mean-field operators

Examples of mean-field operators

@ First order interactions : F(t, X) := E[¢(t, X)],
where ¢ is a Lipschitz function s.t. ¢(t, X) € L2(Fr).

@ Second order mean-field interaction term :
F(t,X) = /R RK(X,X/),Ut(dX)‘th(dX/) =K [K(X,X’)] ) ((X?X/) N:ut®,ut)
X

where K is a Lipschitz kernel that captures the intensity of interactions,
and X’ is an independent copy of the same distribution y; as X.

The operator F may represent the average intensity of interactions of
nodes in an inhomogeneous random graph (Bollobas et al 07).

— When the kernel K is constant in its first argument, we recover the
expectation operator.

(INRIA, Mathrisk)



BSDE with jumps with general mean-field operators Results

@ Existence and Uniqueness results

@ Comparison theorems under appropriate monotony assumptions
onfand F

@ Dual representation in the convex case

R. Chen, R. Dumitrescu, A. Minca, and A.S. : Mean-field BSDEs with jumps
and dual representation for global dynamic risk measures. Probability,
Uncertainty and Quantitative Risk, 8(1) :33-52, 2023
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Graphon Mean-field BSDEs

We now turn to the study a class of mean field BSDEs with coupling
specified via a graphon, to account for heterogeneity of a continuum of
agents.

@ Graphons have been developed by Lovasz et al., as a natural
continuum limit object for large dense graphs.

@ A graphon is a symmetric measurable fn G : 2 — |, with / := [0,1]
indexing a continuum of possible positions for nodes in the graph
and G(u, v) representing the edge density between nodes placed
at uand v.

The so-called cut norm of a graphon is defined by

|G|lo:= sup |/ G(u, v)dudv|.
ABeB(l) /AXB

@ We can also view a graphon as an operator from L=(/) to L'(/),
defined for any ¢ € L=(/) as :

Go(u) := /IG(u, v)o(v)dv.



Graphon Mean-field BSDEs

Spaces of processes
Let J = %,t > 0 be a filtration defined on some probability space

L2(9;) : set of all J-measurable and square integrable r.v. for t € [0, T].

H2(J) is the set of all real-valued J-predictable processes ¢ such that

!
1032 == (B[ /0 02])/2 < oo,

HE, (J) (for each u € I) is the set of all J-predictable function-valued
processes /¢ such that

.
€l = (EL| 1], 0)"/2 <

e S?(J) is the set of all real-valued RCLL J-adapted processes ¢ with
10ls2 := (B[ sup_[0¢[*])"/2 < oo.

te[0,7]
o MS?(J) is the set of all measurable functions X from /to S2(J) : u+ X,
satisfying sup,c || XullZ2 = supye; Elsuprepo, rj [ Xu(t)?] < oo



Probability setup

Let (2, F,P) be a complete probability space. Let / = [0,1].

o Let {W, : u € I} be a family of independent Brownian motions.

o Let {N,(dt,de) : u € I} be a family of independent Poisson
measures with compensator v,(de)dt such that v, is a probability
measure on E := R,, for each u € /. Let {N,(at,de) : u € I} be
their compensator processes.

o LetF = {%,t> 0} be the natural filtration associated with
{W,:ue€l}and {N,(dt,de):uel}.
Let T > 0. Denote by P the predictable G-algebra on [0, T] x Q.

@ Foreachue I, letFY={#Y,t > 0} be the augmented filtration
generated by W, and N,,.

(INRIA, Mathrisk)



Graphon mean-field BSDEs with jumps

Xu(t) :§u+/T// G(u,y)f(s,x,Xu(s™),Zu(s),Cus(-))uy s(dx)dyds

/ Z,(s)dW,( / /Euse)N(dsde) fort [0, T], uel,
(4.1)
where p, == L(X,) and uy s := L(X,(s)). Assume Yu € I, &, € L2(FF).
Definition
A solution consists of a family of processes ® := (Xy, Zy,¢y)ues With
(Xu, Zu, y) in SB(FY) x HE(F) x HE (F) for each u in /, satisfying (4.1), s.t.
u— L(X,) is measurable in the weak sense, X, is a RCLL R-valued optional

process, and Z, (resp. ¢,) is a R-valued predictable process defined on
Q x [0, T] (resp. Q x [0, T] x E) s.t. the stochastic integral is well defined.

(INRIA, Mathrisk)




Graphon Mean-field BSDEs Definition

Assumption on f : For each u € I, we assume that
fQx[0,TIxREx 1§ —R; (0,t,x,x,2,0(:)) — f(o,t,x",x,2,£(-))
is P® B(R3) ® B(L3 ) measurable, satisfies f(-,-,0,0,0,0) € HA(FY),
and f is Lipschitz-continuous in (x’, x, z,£), i.e., 3 a constant C > 0 s.t.
dt® dP-a.s., for each (X}, x1,21,¢1) and (x5, x2, 22, {2), we have

|f(0)7 t,X~/|,X1,Z1,£1('))— f(O), taxéax27227£2('))‘
<C(|x1 — xp| + [x1 = xe| + 21 — 22| + |1 — L2]lv,)-

(INRIA, Mathrisk)



o
Graphon Mean-field BSDEs

Agenda

@ existence, uniqueness and weak measurability of the solution
@ comparison theorems under a monotonicity condition

@ continuity of the solution with respect to the label index and
stability of the system

@ convergence of an interacting mean-field particle system with
heterogeneous interactions to the graphon MFBSDE

@ associated graphon dynamic risk measure and its properties

dual representation in the convex case.

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Canonical coupling

Canonical coupling

X0 =8t [ [ [ 60155 X(57),Zu(5), sl o)t
/ Z,(s)dW,( / /Zus L(ds,de), forte[0,T], uel,

@ Note that different labels interact only through their laws p,,.

@ To handle the measurability of £(X,) in u we can treat all processes
(Xu, Zu,2u)uer on one stochastic basis : To this purpose, we introduce a
canonical probability space (Q, F,P), on which we define a canonical
Brownian motion W and a common Poisson random measure N(dt, de)
with compensator v(de)dt that is specified below. We define the
canonical filtered probability space (Q, F,F,P), where F = { %, t > 0} is
the completed natural filtration and P is the corresponding probability
measure, generated by W and N(dt, de).

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Canonical coupling

We transform the original graphon system into a fully coupled system driven by
a common (W, N), defined on a canonical space (Q, 7 ,F,P), which admits a

solution with the same law. We use trivially the canonical Brownian motion W,

and make the following assumption for the jump part :

Assumption :[Intensity measure]

@ The function / x [1,2] > (u,w) — ¢, "(w—1) € Ris B(/)® B([1,2])
measurable, where @, denotes the cumulative distribution function of v,,.
We define ¢, (1) as the essential supremum and ¢, '(0) as the
essential infimum.

The idea is to use a common Poisson r.m. N to generate different r.m. N, for
all u € | through the mapping (p;1 ,u € . Thanks to the same time intensity of
all N, the jumps for different labels can be coupled through N, meaning all
labels u € I jump at the same time but with different jump sizes. Here, N is
chosen to have compensator measure v(de)dt with v being uniform on [1,2].
(We choose the interval [1,2] to avoid 0 since v should not have mass at 0).
Now N(dt, ¢, (e — 1)de) is a Poisson r.m. with intensity v ,(de)dt, which has
the same law as N,,.



Graphon Mean-field BSDEs

Example

the Assumption is satisfied.

Let v, be uniform on [1,2+ u]. Then ¢, (®) =1+ (1 + u)(®—1), and

o = = D¢
(INRIA, Mathrisk)




Graphon Mean-field BSDEs Canonical coupling

Assumption :[Coupling of terminal condition].
We also assume that & := {&,},c/ can be measurably coupledii.e. Yu e |,
3, € L2(Fr) st. u— &, is measurable and £(&,) = £(E,). We denote by

€ € M L2(F7) if the terminal condition satisfies this assumption.

Example

Let&, :=aW¥+Y, "’ Y¥, where Y/ is the i-th jump of label u according to
the distribution v,. FoIIowmg the canonical coupling, we have

g, = aWT—l—Z,'-V:(P 0, '(Y;—1), where Y;,i=1,...,N(T) are i.i.d. uniform
random variables on [1,2]. If Assumption on intensity is satisfied, then

Ee MLz(_‘i'—T)

NU(T

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Canonical coupling

The canonically coupled graphon system is now written as follows :

0=kt [ //Guy (.. Xul57),2l5): us((- Dty o( o) el

/z )dW(s //zusq)u( —1))N(ds, de), u € I,t € [0,T].
(4.2)

Note that L(X,Z,0) = L(X,Z,{).

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Existence and uniqueness

Theorem

The coupled system (4.2) admits a unique solution ® := (X,Z,0) € M such
that X € MS?(IF). Furthermore, the graphon mean-field BSDE system (4.1)
also admits a unique solution ® := (X,Z,0) € M, and | > u+ L(X,) is
measurable.

We denote by M the space
M = {P = {(Xy, Zu, Lu(")) € SP(FY) x H?(FY) x H (F“)}ues, such that

T T
[@lac :=sup(E[ sup [X(OP)+EL| |ZA0Pat+EL[ N, a)/* < o}
uel  tefo,T] 0 0

For the measurability, we prove that u — X, is measurable in u, and thus also
the map u — L(X,).

Then since the canonical coupling does not change the law of the first
component of solution of the original system (4.1), we have £(X,) = £(X,) for
allu € I. Thus u— L(X,) is measurable.

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Comparison theorems

Assumption A.1 (Monotonicity assumption)
Vuel,(x,x,z,01,62) e R®x (L5 )2, 3 q)x xzbule o € L5, measurable, bounded
s.t.

f(t, X', x,2,01) = (t, X', x, 2,l2) > (9}, X2l g ),

with 95742 (y) > =1 and [0 772 (y)| < w(y), for some y € L2,

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Comparison theorems

Theorem (Comparison theorem)
Let&'! &% € ML2(Fr) and denote (X', Z',{') the solution of graphon
mean-field BSDE (4.1) associated to (&', f') , i =1,2. Assume

e f; satisfies Assumption A.1, and f, is non-decreasing in x' ;

@ Foreachu € I\ H with H a zero Lebesgue measure subset of |,
g2 >El as and h(o,t,x',x,2,0) > fi(w,t,x',x,2,¢) a.s. for all
(t,x',x,z,0) e R* x L5 .

Then for all t € [0, T] and u € I\ H, we have X2(t) > X)(t) a.s..

Strict comparison thm (under Assumption A.1 with strict inequality).

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Continuity and stability results

Continuity of the solution with respect to the label index u

For each u € I, assume
(i) u— L(&,) is continuous w.r.t. the W5 metric.

(i) there exists a finite collection of intervals {/;: i =1,...,N} such
that / = U;l;, and for each i € {1,..., N}, we have G(u, V) is
continuous at u for each v € I\ H; for some zero Lebesgue
measure set H;.

Then foreach i € {1,...,N}, the map /; > u — L(X,) is continuous
w.r.t. the W5 1 metric.

(INRIA, Mathrisk)



Stability

Convergence issues when the underlying graphon G is induced by a
sequence of graphons G, converging to G, in the sense of cut norm
|Gr— G||o — 0.

(Recall that || G| := supa ges(i) | fax g G(u, v)dudv|.)

@ Technical assumption : Assume that for each u € /, the driver f can
be characterized as E¢[f(-,£(e))], where ES means taking
integration of 7(-,£(e)) with respect to e under the measure v,
and f is Lipschitz continuous in all parameters except time .

Then the corresponding solution of the G, graphon mean-field BSDE
converges (in some sense) to the solution of the G graphon mean-field
BSDE and the law of the X component also converges in an integral
sense of the Wasserstein distance ’Wz,r on/:

Ji We,r(L(Xy), L(X])) — 0.

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Continuity and stability results

Theorem

Let (X,Z,¢) and (X",Z",(") be the solutions of (4.1) associated with
graphons G and Gy, terminal condition & and &", respectively. Then

)
E[ [( sup IX7(t) — Xu()]2+ / 1Z0(1) — Z,(1) Pt + / 1€ — £u1]12, ) o]
I tefo,T] 0

< C[/,E\&u—§3|2du+ CullG— Gullo + (M)

where M is some large constant, Cy, is some constant depends on M and
€(M) is some constant converging to 0 as M goes to oo.
If|Gp— Gllog — 0 andIE[f, |Ey —EN[2du] — 0 as n — oo, it follows that
E [, (suprego, 1 IX3(8) = Xu(O)2 + Jo 120(1) = Zu(O)Pct + Jy Hf”
Cy|5,0t)du]— 0, and consequently [, Wa r(L(X,), L(X])) —

Proof : use a truncation and approximation argument

(INRIA, Mathrisk)




Graphon Mean-field BSDEs Continuity and stability results

Example (Converging graphons)

For a size n adjacency matrix A, we define the associated step graphon
Gg as :
Ga(u,v) = Ay, for (u,v) el xI,

where I := ((i—1)/n,i/n],fori=2,...,nand I{ :==[0,1/n].

Let {" be the adjacency matrix of an Erd6s-Rényi random graph
G(n,pn). If p, = pis fixed as n — o, then it is well known that, as
n — oo, the associated graphon G» converges in cut norm to the
constant graphon G = p.

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Continuity and stability results

The following theorem gives another stability result which provides the
convergence of graphon mean-field BSDEs in the space M.

Theorem

T T
supE [ sup |X]() = X0 + | 1200~ Zu()Pet+ [ 1165, — el o]
uel  tefo,T] 0 0

< C[supE[gy — &+ C(M)| G~ Gilloe+ £(M)] 0.
ue

Consequently, if || Gn — Gl|eo—se0 — 0 @nd sup ., E[|E, —EN2] — 0 as n — oo,
then
Wot(L(X), L(X")) = 0.

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Convergence of interacting particle systems to GMFBSDEs

Convergence of interacting particle systems to Graphon MF-BSDEs

Consider a sequence of N particle graphon interacting systems.

=g [ Nzc (5. X(s7). X (s). Z(5). () s
! (4.3)

[ 2M9aws) - [ [ AeNasde), tefo,T]

where for the i-th particle W, := W, and Ni(dt,de) = N; (dt, de) are chosen
to be the same ones associated to label i/N.

Assume EN € 12(F/ MY foralli=1,...,N.

Here, ( ,’jV i,j € [N] x [N]) is a N x N symmetric matrix, describing the
strength of interaction between particle i and j.

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Convergence of interacting particle systems to GMFBSDEs

Define the space MM :

{oN .= {(X,Z,i(")) € Sz(IF’/N) x H2(F//NY tz N(FNIN st
&N aw := maxi=1,._ v (E[supsepo, 77 1 Xi() 7] +E[fo |Zi()[2dt +
B[S 116 |2,0]) /2 < o},

where v :=v; .

Theorem
The N-coupled BSDE system (4.3) admits a unique solution ®N € MN J

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Convergence of interacting particle systems to GMFBSDEs

Assumption : For a given graphon G, we say that ¢V := {C}'}; ;cin
satisfies the regularity assumption with graphon G if either :
() ¢ = Gl %)
(ii) &} = Bernoulli(G(y, 1)) independently for all 1 < i < j < N and
independent of { W, N,,&, : u € I}.

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Convergence of interacting particle systems to GMFBSDEs

Convergence of finite particle systems to the graphon BSDE
Theorem

Suppose that CN satisfies the regularity assumption with graphon G, G is
Lipschitz continuous and max;—y_ nE|EN — §ﬁ- 2 =0

solution ®N of (4.3) converges to the unique solution of (4.1) with the
convergence rate 1/ VN and

.
mox B | sup [0~ X, (07 + [ 1240 -2y (Ot + [ 16"~ 2o
i=1,...,N te[0,7] 0 N
<CN'+cC r?aleEyE,,N —&;P=0(N"),
=1,

for all N € N and some constant C. Furthermore, for k) = 1NZfV 1Oy 1) and
Kt = [, L(Xy(t))du, we have

sup E[(Mh(xN,x))?] < CN~'/2. (4.4)
tefo,T]

(INRIA, Mathrisk)
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Graphon Mean-field BSDEs Convergence of interacting particle systems to GMFBSDEs

Similar convergence result is obtained when the heterogeneous
interaction weights are sampled from a sequence of convergent
graphons (instead of from the limiting graphon)

(INRIA, Mathrisk)



Graphon dynamic risk measure

For& e ML%(Fr) (ie. &y € F¥ Vu € I, and €Y, u € | can be canonically
coupled to satisfy the label measurability) representing a financial position at
T, we interpret py +(§, T) := —Xu(t,E, T), for each u € I, where

{Xu(t,&, T)} e/ is the solution of the graphon mean-field BSDE system, as the
risk measure of & at time t and position u € I. Then p4(&, T) := {pu.+(§, T) }ues
is called the graphon associated dynamic risk measure.

Interpretation : a regulator imposes the capital to be  at time T, and the risk
measure p¢(&, T) is interpreted as the acceptable levels of liquidity at time t,
for a given driver capturing how a representative bank’s position evolves with
dependence on the heterogeneous mean-field interactions in the system.

(INRIA, Mathrisk)



Graphon dynamic risk measure
Properties of global dynamic risk measures

@ Consistency. Let T < T be a stopping time. Then
Vi<, p(§, T) =pi(—p<(E, T),T) a.s. (consequence of the
uniqueness result).

@ Continuity. Let {t*,o € R} be a family of stopping times converging a.s.
to 1™ as o — alp. Let {E*, a € R} be a sequence of random families s.t.
for each o € R, E*Y is 7 %-measurable, u € / and
E[esssupg, ,(§*Y)?] < eo. Suppose also that £ converges a.s. to a

4o-measurable r.v. £ as o, — og. Then for each stopping time

T <1 0 € R, the rv. pz(£*,1*) — pz(§,7™) a.s. and the processes

Pu(E*, %) = pu(§,t%) forall u € 1, as ot — tp.

@ Monotonicity. p is nonincreasing with respect to &. i.e. , for each T > 0
and each &',E2 € M L2(F7),if &' > E? a.s., then a.s.
pt(&',T) < p:(&3,T),0 <t < T. (consequence of comparison theorem)

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Graphon dynamic risk measure

@ Homogeneity : If f is positively homogeneous wrt (x’, x,z,¢), i.e.,
fora> 0, f(t,ax’,ax,az,al) = af(t,x’, x, z,£), then the risk
measure p is positively homogeneous wrt &, that is, for all A > 0,
te[0,T] and & € ML2(Fr), we have py(AE, T) = Ap¢(E, T).

@ Translation invariance : If f depends only on (t,x" — x, z,¢), then
the risk measure satisfies the translation invariance property : for
any & € ML%(Fr),lo €[0,T] and & € ML3(F,),

pr(E+E,T)=pe(& T)-¢& foralltet, T]

@ No Arbitrage. when strict comparison holds, then for each T > 0
and each &' &2 € ML2(F7),if &' >E2and py(&', T) = p1(E2, T)
as.onanevent Ac %, then&! =2 as. on A

@ Convexity If f is concave with respect to (x, z, /), then the dynamic
risk measure is convex, that is for any A € [0,1] and
E',E2 ¢ ML2(F7), we have

Pr(AE+ (1 —=A)E%, T) <Ape(§', T) + (1 = M)pe(€3, 7).



Graphon Mean-field BSDEs Special case without Graphon

Special case.No Graphons and f independent on x and concave auenez-As. spa 2013
— X, = (1,0, 22, (-))dt — Z,aWs — / K(e)N(dt,de); Xr—E,
R*
Consider the polar function of f(t,®, z,¢) :

(o, t,a',0?):=  sup [f(o,t,z,0)—a'z— (02, 0)].
(z,0)eRxL2
Let A the set of predictable proc. as = (o, 02) s.t. f*(t,a',a?) € H? (it
implies in particular a2(u) > —1). For o € 47, let Q* be the probability
(absolutely cont. wrt to P) which admits '} as density wrt P on -, where

dr;":r?‘_(a}thJr/ of(e)dN(dt,de)); Tg=1.
R*

Then

—Xo = sup [E(~E) ~L(a, T)]

where the function &, called penalty function, is defined, by

°
o, ) =B [ F(s.00)ds]
0



Graphon Mean-field BSDEs Special case without Graphon

Example : the entropic risk measure :

piE.T) = %mmexp(_y@ 7]

1
is associated to the BSDE with driver g(z) := Eyzz
In this case the penalty function is

(@) =l n

(INRIA, Mathrisk)



Dual representation

X (1) gu+/ // (U Y )E(8. 3, Xa(57), Zul(S) Lus()1ay (X dlydls
—/t L (5)dW,(s / /zuse)/v(dsde) fort€ [0, 7], uel,

Suppose that f is concave with respect to (x’, x, z,¢) and non-decreasing in x’.
Let F, denote the drift driver of the u component :

Fu(o,t, L(X),x,z,4(+) //Guyf(tx x,2,0(-))uy (dx")dy
For each (®,t) and u € /, let (F,)* the Fenchel-Legendre transform defined as

F)) (o,t, L(Y),Bu, 0 02) == sup Fu(o,t, L(X),x,z,£
urHu )
(X.x,zL)EL2!(F)RR2®LE,

— (X, Y) 120 = Bux — 0‘2;2 - (aiafﬁvu}-

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Dual representation in the convex case

For u € I and given predictable process o, = (at},02), let Q2 be the proba
abs. continuous wrt P, which admits *«7 as density, where '™ is solution of

dret =%t (o, dW,(t) + /E o2 [(e)dNy(at,de)), T%o=1.

Let A7 : set of families of processes (Vi Br, 0 )tefo, 7], Where (Yr)iefo, 71 (With
Yt := (V)" )uver) progressively measurable, (Bt, 0t) [0, 7] predictable, and s.t.

o a:={ay}uerst.Vuel, [ (o )?ds+ [y [|a |2, ds is bounded, and
02 ,(y) > —1vy(dy)-as. forall t € [0, T].
(This implies M > 0 a.s. on [0, T] and (M**),cpo. 7] € S?).

I d 2.
@ V(u,v)€el, (Fﬁ‘vtefoﬁ ")teo,r € HZ;
vy By 4Ty,
M He

o Vvel {(F)"(t(——v—
velitry (E[r?Vf,HEx”" ]

)V1el’ Bu.t ocl,jt, ai,t(‘)) }te[O,T] € H2.

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Dual representation in the convex case

Theorem (Dual representation)
Foreacht € [0, T], we have :

E[ [ pua(E, T)ov] =
sup {[EX ([ H5™ du)eov — [Coly B T},

(v.p.0)ear

where CV,I(’Y’ Bv Q, T) =

Olyy Bv1 A v
Ms"'His Ys’

E[re f,Hs"" aw]

/tTEQV“ [(/IHE;’WVdu)(Fv)*(S,(

1
) vy’ BV,S7 a’v,su ais

S
HEZSY = exp{/t (By +7vy)dy}.

Moreover, 3(,B,®) € A} attaining the supremum

()] ds,

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Dual representation in the convex case

Steps of the proof :
@ establish bounds on the effective domain of F*.

@ provide some explicit form to conjugacy relations relying on a
Mean-Field Graphon FSDE

(INRIA, Mathrisk)



Graphon Mean-field BSDEs

Happy birthday Ying!
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Graphon Mean-field BSDEs Dual representation in the convex case

Wasserstein distances. Given a Polish space .5, denote by D([0, T],.5) the
space of RCLL functions from [0, T] to .S, equipped with the Skorokhod
topology. Let D, := D([0, T],R™). Denote by P(.S5) the space of probability
measures on S.

Wasserstein distances between two probability measures yand v :

Wa(u,v) == (inF{E[|1X; — X 2] : L(X1) =1, L(Xe) =V})/2, for u,v e P(R™),

Wa,7(u; V) = (inf{ S[UP]EIX1(t)—X2(t)\2ZL(X1):u,L(Xz):V})1/2, for g,
te[0, T

For two families of probability measures u = {uy }ue; and v = {v,} e, set

WM (1, v) == sup Wh(uy, Vy), for u,v € P(ML?) forall t € [0, T],

uel

and

‘VVZ%(:U:V) = SUII) W2,T(ﬂu>vu)a for u,v € T(MSZ)'
uc

(INRIA, Mathrisk)



Graphon Mean-field BSDEs Dual representation in the convex case

For Lipschitz continuity, we need a stronger assumption.

There exists a finite collection of intervals {/; : i = 1,..., N} such that
I = Ujl;, and for some constant C, we have for all uy,us € I;, vy, vo € I,
andi,je {1,...,N},

Wa(L(Euy ) L(Ew)) < Clur — e,

and,
|G(u1,v1) — G(uz, v2)| < C(|ur — 2| + |1 — v2).

(INRIA, Mathrisk)
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