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Abstract. In 2014, Tamo and Barg have presented in a very remarkable
paper a family of optimal linear locally recoverable codes (LRC codes)
that attain the maximum possible distance (given code length, cardi-
nality, and locality). The key ingredient for constructing such optimal
linear LRC codes is the so-called r-good polynomials, where r is equal
to the locality of the LRC code. In 2018, Liu et al. have presented two
general methods of designing r-good polynomials by using function com-
position, which lead to three new constructions of r-good polynomials.
Next, Micheli has provided a Galois theoretical framework which allows
to produce r-good polynomials.

The well-known Dickson polynomials form an important class of poly-
nomials which have been extensively investigated in recent years under
different contexts. In this paper, we provide new methods of designing
r-good polynomials based on Dickson polynomials. Such r-good polyno-
mials provide new constructions of optimal LRC codes.

1 Introduction

Locally recoverable codes (LRC codes) have recently been a very attractive sub-
ject in the research on coding theory due to their theoretical appeal and appli-
cations in large-scale distributed storage systems, where a single storage node
erasure is considered as a frequent error-event.

An LRC code is said to have locality r if the value at any codeword coordinate
can be recovered by accessing at most r other coordinates. We refer to such a
code as an (n, k,r) LRC code over finite field F, if the code is of length n, which
has ¢* codewords and locality 7. For an LRC code with locality r, if a symbol
is lost due to a node failure, its value can be recovered by accessing the value of
at most r other symbols.

Problems of constructing LRC codes and bounding their parameters have
been the subject of a considerable number of publications. Research on bounds
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for LRC codes was initiated in [3] which showed that the minimal distance d(C)
of an (n,k,r) LRC code is bounded as follows: d(C) < n —k — [k/r] + 2. LRC
codes achieving this bound with equality are called optimal LRC codes. Taking
into account the size of the code alphabet, another upper bound on the minimum
distance of (n, k,r) LRC codes was established by Cadambe and Mazumdar [IJ.

An ingenious idea in designing optimal LRC codes is due to Tamo and
Barg [9]. By generalizing the Reed-Solomon codes, Tamo and Barg [9] construct-
ed a family of optimal (n, k,r) LRC codes over a finite field of size that slightly
exceeds the code length n. Their method can provide optimal LRC codes for
a lot of feasible triplet of parameters (n,k,r). These optimal LRC codes are
obtained from specially constructed polynomials over finite fields, called r-good
polynomials (see Definition , that is to say, an r-good polynomial yields an
optimal (n,k,r) LRC code with n divisible by r 4+ 1. However, there are only
a few known constructions of r-good polynomials. In 2018, Liu et al. [6] have
provided two general methods of designing r-good polynomials by using func-
tion composition, which lead to three new constructions of r-good polynomials.
Very recently, Micheli [7] has provided a Galois theoretical framework which al-
lows to produce r-good polynomials and showed that the construction of r-good
polynomials can be reduced to a Galois theoretical problem over global function
fields. The objection of this paper is to explore more polynomials which could
be good candidates for being r-good polynomials. More specifically, we exploit
Dickson polynomials to provide more families of r-good polynomials leading to
the constructions of optimal LRC codes. This paper is structured as follows.
Section 2] sets main notations, gives some background on polynomials and ex-
ponentials sums over finite fields, and reviews the known explicit constructions
of r-good polynomials. In Section [3] we present new r-good polynomials via
Dickson polynomials.

Due to the limit in space, proofs of the main results are left to the full version
of the paper.

2 Preliminaries

2.1 Background and notation

Let p be a prime and ¢ = p° be an s-th power of p with s being a positive
integer. We denote by F, the finite field with ¢ elements and by Fj the cyclic
group F, \ {0}. For positive integers ¢ and s satisfying t|s, let Tty (-) : Fps — Fpe
be the (relative) trace function defined as

Tei(@) =z +a? + ™ 42

For z € Fps, we briefly use Tr(x) to denote the (absolute) trace of x € F,s over
F,, ie., Tri(x), if there is no risk of confusion.

Proposition 1. ([8, Theorem 2.25]) Let Fs be a finite extension of Fpe. Then,
fora € Fps, the equation 2P —z = a has solutions in Fp- if and only if Tt} (a) = 0.
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Proposition 2. ([8, Theorem 5.4]) For a finite field F, with characteristic p,
define (p = e/ then

Z CTr(c;c) _ {07 fo 7é 0,
o P q, if t =0.

A g-ary function is from I, to itself. The extended Walsh-Hadamard trans-
form of a g-ary function F is defined as the complex function

We(v;w, k) = Z C;[Y(”F(m)ka), velF,, welF,, kisan integer.
z€F,

For two ¢-ary functions F' and G, the composition G(F'(-)) is denoted by G o F.
For a,b € ), the classical p-ary Kloosterman sum (see e.g. [§]) on F- is

defined as »
Kb = 3 6 Swa, 1)

IGIF;S

Dickson polynomials (see e.g. [5]) form an important class of polynomials.
For b € IF, and integer m > 1, let

) pam @)

denote the Dickson polynomial of degree m over F,.
Definition 1. A polynomial F' over Fps is said to be an r-good polynomial if

1. the degree of F isr + 1,

2. there exist pairwise disjoint subsets { A1, ..., A} of Fps with cardinality |A;| =
r+1 fori=1,...,1,1>1, such that the restriction of F' to each subset A;
18 constant.

2.2 Known explicit constructions of r-good polynomials

Let p be a prime and ged(m, p) = 1, then for any integer ¢ > 0, (mp’ — 1)-good
polynomials on Fp« can be constructed if p* = 1(mod m) and p* = 1(mod m),
see [9]. To the best of our knowledge, if p' # 1(mod m), then for m > 1,
constructions of (mp' — 1)-good polynomials on the extension field of F, have
only been examined in [6]. Thus, constructing optimal LRC codes with locality
mp', where m > 1, gcd(m, p) = 1, and p* # 1(mod m) attracts a lot of attention.

When we consider r-good polynomials on Fp,« with r = mp’ — 1, where
ged(m, p) = 1, the following constructions are known.

— If t > 0 and m = 1, then the p®-ary linear function

F,(z) = Zaﬂ:pi (3)
=0
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is an 7-good polynomial, where a = (ag, ...,a:) € (Fp:)"*1, ag # 0, a; # 0
(see [0, Proposition 3.2]). In fact, let E, = {x € F,: | Fy(x) = 0}, then for
every ¢ € b+ E,, Fy(x) = F,(b).

— If t = 0 and p°® = 1(mod m), then the p°-ary power function

G, (2) = ya™ (4)

is an r-good polynomial, where v € Fy. (see [9, Proposition 3.2]). In fact, let
Un = {x € Fps | 2™ = 1} and bU,, be the multiplicative coset with b € Fy.,
then for every x € bU,,, G (x) = G- (b).

—Ift >0, m > 1, p° = I(mod m), and p* = 1(mod m), then the p*-ary

function
t/e ) m
F(z) = Zaixpm
i=0
is an r-good polynomial, where e is a divisor of ¢ satisfying p¢ = 1(mod m),

a; € Fps satisfying ZE/:EO a; =0, ag # 0, and a;/. # 0 (see [9, Theorem 3.3]).

— Denote by Im(F) = {F(z) | € Fp:} the image set of F'. Let G, and F, be
defined as in and respectively. Suppose that F,s contains all the roots
of Fy. Set H(z) = Fo(Gy(x)) = Z::O aiy? ™", Then, H is an (mp' — 1)-
good polynomial over F, if and only if A = {b € F,s \ E, | b+ E, C Im(G,)}
is nonempty, where E, = {x € F,: | F,(x) = 0} (see [0 Theorem 4]).

— Set I(z) = Gi(Fy(x)) = (ZE:O a,—xpi) . Then, I is an (mp’ — 1)-good
polynomial over Fps if and only if A" = {b € Fy. | bUp, C Im(F,)} is
nonempty, where U, = {z € Fps | 2™ = 1} (see [0}, Theorem 4]).

3 Constructions of r-good polynomials via Dickson
polynomials

3.1 7-Good polynomials from Dickson polynomials

In this subsection, we consider r-good polynomials via Dickson polynomials over
the finite field F,,.

If x € Fy, then for any b € Fy, x can be written as * = u + b - ul with
u € Fy,. More explicitly, define M = {u € Fr | u?tl = b}, then for u € B,
r=u+b-u"' €F,if and only if u € F;|JM (see e.g.[4]). It is shown in [§]
that for x = u+b-u~! with u € ]FZQ, the Dickson polynomial D,, ; on x equals

Dyppp(x) =u™ +0™ - u™™. (5)

Case 1: g odd In this part, for the finite field F;, we assume that ¢ is odd.

Theorem 1. ([2, Theorem 9]) For g odd, let o € Fy, then the set of preimages
of D p(w0) with b € F; and integer m > 1 has ged(m, g — 1) elements, i.e.,

1D (D (o)) | = ged(m, q — 1),



Constructions of optimal locally recoverable codes via Dickson polynomials 5

if 12 — 4b is a square in Ty and Dy, () # £26™/2, where b'/? is a square root
of b in Fo..

Remark 1. For g € Fy, denote g = ug +b- ual for ug € F;z. Note that for ¢

odd, x3 — 4b is a square in [, if and only if ug € Fy, and x3 — 4b is a non-square
in Fy if and only if ug € M \ Fy, where M = {u € F, | u?™! = b} (see e.g.[2]).

Remark 2. Let m|(¢ — 1) and m > 3 in Theorem [I} Then, it can be deduced
from Theorem 9 in [2] that for z¢ € Fy, \D;:b (D p(x0)) | = m if and only if

22 — 4b is a square in F, and D,, () # +2b™/2.

It is shown that D,,;(z) # £2b™/2 if and only if u™ # (b-u™')™, where
r=u+b-u"! (see [2, Lemma 7]). Suppose b € £'U,, and u € £U,,, where ¢
is a primitive element of F,, and £'U,, is the multiplicative coset of U,, = {x €
F,|z™=1}forie {0,1,...,(¢—1)/m—1}. Then, it can be easily proved that
u™ = (b- u_l)m if and only if 2¢ = I(mod (¢ — 1)/m). Since the degree of D,, 3
is m, then from Theorem [T} we can prove the following theorem.

Theorem 2. For q odd, let b € Fy; and integer m > 1. If m|(q — 1), then the
Dickson polynomial Dy, p(x) is an (m — 1)-good polynomial.

Theorem 3. For q odd, let b € F; and integer m > 3 satisfying m|(q — 1).
Then, the Dickson polynomial Dy, p(x) is an (m — 1)-good polynomial. Suppose
b € U, for somel € S = {0,1,...,(q—1)/m — 1}, where & is a primitive
element of Fy, &'U,, is the multiplicative coset of Uy, = {z € F, | 2™ = 1}.
Then, the only pairwise disjoint subsets of Fy with cardinality m such that D,
is constant on each subset include

Di:{u—kb-u_l‘uefiUm}, foriel CS, (6)

where
O,l,...,é71,l+1,l+2,...,é+qQ:nl71}, ifliseven,%iseven,
0,1,...,%—1,l—|—1,l—|—2,...,%—|—‘12;1—%}7 iflz‘seven,q;—lisodd,

I:
O,l,...,%,l—i—l,l—i—l...,%—&—‘12;1—%}, iflisodd,qr;—liseven,
o,1,...,%,z+1,z+2,...,%+‘g;ml—1}, if 1 is odd, =2 is odd.

(7)
The following corollary is a direct consequence of Theorem [3]
Corollary 1. For q odd, let b € F, and integer m > 3 satisfying m|(q — 1).
Suppose b € £'U,, for somel € {0,1,...,(q¢—1)/m — 1}, where £ is a primitive
element of Fy. Then, the Dickson polynomial D, (x) is constant on ezactly
Ip,,, pairwise disjoint subsets with cardinality m, where

1 . . -1 .
== —1, if l is even, i— is even,

2m
g—1l-m . . qg—1
- 2 z‘fl is even, 0 i odd,
mob T, if | is odd, &= 1is even,
e o
4 if 1 is odd, &= is odd.
2m 7 m
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Case 2: g even In this part, for the finite field F,, we assume that ¢ is even.

Theorem 4. ([2, Theorem 9’]) For q even, let zg € Fy, then the set of preimage
of D p(wo) with b € F; and integer m > 1 has ged(m, g — 1) elements, i.e.,

DY (D b(20)) | = ged(m, g — 1),
if 2 4+ xox + b is reducible over F, and Dy, p(x0) # 0.

Remark 3. For x¢ € Fy, denote zy = g —&—b-ual for ug € Fzg. Then, 22 +xzoz+b

is reducible over Fy if and only if ug € Fy, and z? +xoz +0b is irreducible over F,
if and only if ug € M \ Fy, where M = {u € F}. | udtl = b} (see e.g.[2]). Note
that for ¢ even, any element in Fy is a square.

Remark 4. Let m|(¢ — 1) and m > 2 in Theorem [4] Then, it can be deduced
from Theorem 9’ in [2] that for =y € F,, |D;z}b (D p(z0)) | = m if and only if

2 + zox + b is reducible over F, and D,, 3(zo) # 0.

Theorem 5. For q even, let b € F; and integer m > 1. If m|(q — 1), then the
Dickson polynomial Dy, () is an (m — 1)-good polynomial.

The following corollary is a direct consequence of Theorem [2|and Theorem

Corollary 2. A Dickson polynomial Dy, p(z) is an (m — 1)-good polynomial if
m|(q — 1) for any q (even or odd).

Theorem [f] below is indeed a special case of Theorem [3] since for ¢ even,
(¢ — 1)/m must be odd, and the condition m > 2 follows from Remark

Theorem 6. For q even, let b € F; and integer m > 2 satisfying m|(q — 1).
Then, the Dickson polynomial Dy, p(x) is an (m — 1)-good polynomial. Suppose
b € £U,, for somel € S = {0,1,...,(q—1)/m — 1}, where £ is a primitive
element of ¥y, £&Upy, is the multiplicative coset of Uy, = {x € F, | 2™ = 1}.
Then, the only pairwise disjoint subsets of Iy with cardinality m such that D,
is constant on each subset include

Di={u+b-u'|uelUy,}, foriclCS§, (8)
where
I 0,1,...,%—1,l—|—1,l+27...,%+(127111—%}, if l is even, ©
B 0,1,...,1—71,z+17z+2,...,§+q;m1—1}, if 1 is odd.

The following corollary is a direct consequence of Theorem [6]

Corollary 3. For q even, let b € F; and integer m > 3 satisfying m|(q — 1).
Then, the Dickson polynomial Dy, () is constant on exactly

! _qg—1—-m
Dmp = 2m

pairwise disjoint subsets with cardinality m.
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3.2 Constructing r-good polynomials by function compositions
Dm,b oF, and F,o Dm,b

Employing Theorem [3] and Theorem [6] one can obtain the following theorem.

Theorem 7. Denote by Im(F) = {F(x) | € Fp: = F,} the image set of F.
Let Dy, and F, be defined as in @) and (@) respectively. Fori € {0,1,...,(q—
1)/m —1}, let D; = {u +b-ut } u € fiUm}, where £ is a primitive element of
F,. Suppose that m|(p® — 1), m > 3, and Fy contains all the roots of Fy,. Then,

1. H(z) = Dy, 0 Fy(x) is an (mp' — 1)-good polynomial over F, if and only
if A={ie{0,1,....¢—2}|imod &t € I, D; C Im(F,)} is nonempty,
where I is defined in @ and (@) for q odd and q even respectively.

2. H'(z) = F, o Dy, p(x) is an (mp' — 1)-good polynomial over Fy if and only
if Al = {c €Fy|c+Eys C Dy (UieI D;)} is nonempty, where E, = {x €
Fp- | Fu(z) = 0} and I is defined in and (9) for q odd and q even
respectively, and Dy, 1, (U;c; Di) = {Dmp(2) | @ € Use; Di}

Proof. Observe that H and H' are of degree mp’.

1. Sufficiency. Assume A # (). Then, there exists ¢ € A such that D; =
{u+but |u € €U, } C Im(F,) for i mod £ € I. Hence, for any £'U,,, there
must exist z € F, such that u + bu™! = F,(x), which is equivalent to saying
that, for any j € {0,1,...,m — 1}, there must exist z; ; € F, such that

G b I = Fy(ay). (10)

Since F, is linear, i.e., Fy(z +y) = Fo(z) + Fo(y) for any x,y € Fy, then for
any y € E, = {x € F, | F,(z) = 0}, we have F,(x + y) = F,(z). Thus, F, is
constant on x + E, for any z € .

Define A; = U;":_Ol (wi; + E,). We now prove that the subsets z; ; + E,,
j=0,1,...,m—1, are pairwise disjoint. Let j1,j2 € {0,1,...,m—1} and j; # jo.
Suppose that y € (2;, + Eq) () (i j, + Ea), then there exist e, e € E, such
that y = x;j, + e1 = x;, + €2, and thus F,(z;;,) = F,(z;,). According to

, we have
gitiv it . gmimin T it T it o

Since ¢ mod % € I, we know that |D;| = |U,,| = m, which implies j; = ja, a
contradiction. Hence, |4;| = Z;n;ol |z; ; + Eq| = m|E,| = mp', where the last
equation is due to the facts that the degree of F, is p* and F, contains all the
roots of F,. For x € A;, we have F,(z) € D;. Since D,, ; is constant on D;, then
the composition H = Dy, ; o F, is constant on A;. Since the degree of H is mp',
we know that H is an (mp® — 1)-good polynomial over F,.

Necessity. Suppose that H = D, j, o Fy(x) is a (mp' — 1)-good polynomial.
Then, there exists ¢ € F, such that |[H~!(c)| = mp®, which implies that there
exists U C F, such that {F,(z) |z € H ' (¢)} = {u+b-u~"' | u € U}. Since the
cardinality of the kernel of F, is equal to p?, then we have

vl = {Fu@)

T € Hﬁl(c)}

— [H@)|/pt = m.
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Also, we have that for any v € U,
U™ 0" uT™ = Dy p(u b umt) = Dy p(Fu() = ¢,

where € H~!(c) such that u+b-u~! = F,(x). According to Theorem |3 and
Theorem@ we know that the only pairwise disjoint subsets of IF; with cardinality
m such that D, is constant are D; = {u+b-u™' | u € &'Uy,}, i € I. Since
|U| = m and for any u € U, Dy, p(u+b-u~t) = ¢, then we have U = £'U,, for
some i € I. Therefore, D; = {u+b-u"! |ue U} = {F,(z) |z € H ()} C
Im(F,), where i mod ©* € I, and thus A is nonempty.

2. Sufficiency. Assume A’ # (). Then, there exists ¢ € I, such that ¢+ E, C
Db (Uiel Di) = {fim + o TIm | IS I}. For any e € E,, there must exist
i. € I such that ¢ + e = &e™ + b . £~%™ Define B, = {¢PHila=D/m .
gteila=1)/m | 5 =0,1,...,m —1}. It is easy to see that B, ()| Be, =  for any
e1,e2 € B, and e; # eq, since e1 # eg implies i, # i, and thus D;., N D, = 1]
(due to Theorem [3| and Theorem [6)). Hence, |U.cp, Bel = X ocp, |Bel = mp',
where the last equation is from |B.| = m since i, € I for any e € E,. Then, for
any x € Be, e € E,,

Fu(Dy () =Fy (D p(€559601m 4 st/
CEL(E 40 E7) = Fy(e o) = Filo),

which implies H' = F, o Dy, is constant on (J,cp Be C Fy with cardinality
mpt. Since the degree of H' is mp’, we know that H' is an (mp? — 1)-good
polynomial over F,.

Necessity. Suppose that H' = F, o Dy, , is an (mp' — 1)-good polynomial.
Then, there exists d € F, such that |[H'~!(d)| = mp®, which implies

H' 7' (d) ={z € Fy | Fs(Dpp(x)) = d}
= U{x € D; | Fo(Dmp()) = d}

icl

= U D;.

el
Fo (§imbg=im)=d

Define J = {i € I | F,(§™ +b-£~%™) = d}. Then, since |D;| = m for i € I, we
have mp! = |H'~1(d)| = m|J|, and thus |J| = p’. Set By = {£"™ +b-£7™) | i €
J} C Dpp (Uiel Di). Clearly, for any z1, 22 € By, we have F,(z1) — Fo(22) =0,
and thus z; — 22 € FE,, which implies By C ¢ + F, for some ¢ € F,. Since
J C I, we know that |By| = |J| = p'. Therefore, there exists ¢ € F, such that
Bi=c+E; CDpyy (Uiel Di), and thus A’ is nonempty.

Now we specify the function F,, which is equal to F,(z) = 2P — aP g,
We derive the following results. The first one concerns the function composition
Dm,b o Fa-



Constructions of optimal locally recoverable codes via Dickson polynomials 9

Theorem 8. Let Fo(z) = 2 — o ~'x, where Fpy C By = Fpe, a € Fy. Then,
forb € F and integer m > 3 satisfying m|(q—1), Dy, 0 Fy is an (mp" —1)-good
polynomial if and only if there exists i € I such that

Tr} (a‘pt (uj+0b- u;l)) =0
holds for all j =0,1,...,m — 1, where I is defined in (@ and @ for q odd and
q even respectively, u; = gitila=0/m and ¢ is a primitive element of F,.
As a consequence, one can obtain the following result.

Corollary 4. For q odd, let F,(z) = aP — ozpt"lx, where Fpe C Fy = Fps,
a € Fy. Let integer m > 3 such that m|(q — 1) and (¢ — 1)/m is even, and let b
be a non-square in Fy. Then, Dy po Fy is an (mpt — 1)-good polynomial if and
only if N = m, where

1 t “ ) t m .
vk 3 (o (S ) (S sen)).
) €Fpt

i

=1 i=1

i=1,...,m

(11)
K(-,-) is the Kloosterman sum on F,, and £ is a primitive element of Fy.

The second result is dealing with the function composition F,, o Dy, p.

Theorem 9. For q odd, let F,(x) = a? — o? "z, where F,e C Fy = Fps,
a € Fy. Let integer m > 3 such that m|(¢ — 1) and (¢ — 1)/m is even, and let
b be a non-square in ¥y, then Fy 0 Dy, is an (mpt — 1)-good polynomial if and

only if there exists (u1,...,up) € (F;)p such that
u; + (bu;l)m —ult — (bufl)m = ab 2,
hold for alli =2,...,p", where 0 is a primitive element of F .

We now present several new 7-good polynomials over Fp« with r = mp’ — 1,
where m > 1, ged(m, p) = 1, pt # 1(mod m), and p* = 1(mod m). Let I be the
number of pairwise disjoint subsets with cardinality r+ 1 on which F' is constant.
The examples are found by MAGMA.

Ezample 1. Let F,(z) = 27" —a? ~'x, where a is a primitive element of Fp-. Let
p=3,t=1, m = 4. Define

H(x) = Dy —a 0 Fo(x) = (963 — a2$)4 + a(x3 — azaz:)2 + 242,

If s = 4, then H(x) is a 11-good polynomial on Fss, and Iy = 2.

If s =6, then H(z) is a 11-good polynomial on F3s, and I = 11.

If s = 8, then H(x) is a 11-good polynomial on Fss, and Iy = 95.

If s = 10, then H(z) is a 11-good polynomial on Fziwo, and Iy = 803.

Ll e
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Ezample 2. Let F,(x) = 2P —aP' ~lz, where a is a primitive element of Fp,-. Let
p=3,t=1, m =4. Define

H(z) = F,0 Dy _o(z) = (2* + ax® + 2a*)® — a*(2* + ax® + 2a?).

1. If s = 8, then H(z) is a 11-good polynomial on Fzs, and Iy = 6.
2. If s =10, then H(z) is a 11-good polynomial on Fsi0, and Iy = 34.

4 Concluding remarks

In this paper, we explored the new methods on constructing r-good polynomials
via combining Dickson polynomials with linear functions. We found that there
may exist a large number of such r-good polynomials besides the known ones.

Acknowledgement. We would like to thank Gaojun Luo for the discussion
on r-good polynomials via Dickson polynomials in Hangzhou, China.
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